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ANIMAL BREEDING NOTES
CHAPTER 13M
MULTIBREED VARIANCES AND COVARIANCES

Definitions

Multibreed population: a population composed of straightbred and crossbred animals that
interbreed (Elzo, 1983; 1990a; 1994).

Breed group: a group of animals whose genetic composition falls within a range of fractions of
breeds. For example, if five breed groups are constructed to group animals in a two-breed
multibreed population (A = breed 1, B = breed 2), the group ranges could be: group 1 = (1.0 to
.81)A (.00 .19)B, group 2 = (.80 to .61)A (.20 to .39)B, group 3 = (.60 to .41)A (.40 to .59)B,
group 4 = (.40 to .21)A (.60 to .79)B, and group 5 = (.0 to .19)A (1.0 to .81)B.

Regression model: a model that defines multibreed nonadditive effects in terms of intra- and
interbreed interactions between alleles at K loci, K = arbitrary.

Additive intrabreed genetic covariance: a covariance due to additive genetic effects within a
breed.

Additive interbreed genetic covariance: a covariance arising from differences between
intrabreed means of additive genetic effects; it is equal to twice the segregation covariance (Lo et
al., 1994).

Multibreed additive genetic covariance: an additive genetic covariance for animals in a
multibreed population; equal to either an additive intrabreed genetic covariance (straightbred
animals) or a weighted sum of additive intrabreed and interbreed genetic covariances (progeny of
at least one crossbred parent).

Nonadditive configuration: a representation of K loci using the breed of origin of the alleles.
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For example: if animals are composed of two breeds, A and B, there are four configurations at
one locus: A/A, A/B, B/A and B/B; three configurations result if A/B and B/A are defined as one
configuration. A possible set of configurations for one and two loci is shown in Elzo (1990b).
Nonadditive intraconfiguration genetic covariance: a covariance due to nonadditive genetic
effects caused by the interaction between alleles from one or more breeds within a nonadditive
configuration. Nonadditive configurations are to nonadditive genetic covariances as breeds are
to additive genetic covariances.

Nonadditive interconfiguration genetic covariance: a covariance arising from differences
between intraconfiguration means of nonadditive genetic effects.

Multibreed nonadditive genetic covariance: a nonadditive genetic covariance for animals in a
multibreed population; equal to a weighted sum of nonadditive intraconfiguration and
interconfiguration genetic covariances.

Environmental intrabreed covariance: a covariance due to environmental effects within a
breed.

Environmental interbreed covariance: a covariance arising from differences between
intrabreed means of environmental effects.

Environmental multibreed covariance: an environmental covariance equal to either an
intrabreed environmental covariance (straightbred animals) or a weighted sum of intrabreed and
interbreed environmental covariances (progeny of one or two crossbred parents).

Residual intrabreed, interbreed and multibreed covariances: weighted sums of additive and
environmental intrabreed, interbreed and multibreed covariances.

Assumptions

1) Traits are determined by the combined effects of alleles at a large number of unlinked loci,
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2) Random segregation and assortment of alleles occur during meiosis, and

3) Covariances remain constant over time.

Multibreed additive genetic covariances

Multibreed additive genetic covariances could potentially be different for each breed group
combination. Multibreed covariances can be computed as the sum of two terms. The first
term is equal to the weighted sum of the intrabreed covariances between traits X and Z, where
the weights are the expected frequencies of each breed in the gth breed group combination (Elzo,
1983,1990a; Lo et al., 1994). The second term is equal to the weighted sum of the interbreed
covariances between traits X and Z, where the weights are the sums of the products of the
expected breed frequencies in the parental breed groups (Lo et al., 1994). Thus, the multibreed
additive genetic covariance between traits X and Z for an animal in a noninbred multibreed

population computed by conditioning on the breed of origin of alleles is:

cov, (X,Z) = E[cov(X,Z |b]+cov(E[X | b],E[Z | b])

nb . nb-1 nb

cov,(X,Z) = Z Py (Taxz ) + Z Z(PS Py + pg pg')(o-axz)bb' [1]
b=1 b=l b'>b

Proof:

Let

where
Uix , Uiz = random variables representing the breeding values of individual i for traits X and Z
asx , asz = random variables representing the sum of the average effects of all alleles from all

breeds affecting traits X and Z coming from the gamete of the sire of animal i, e.g.,
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n, 2ky
a, = [Z Z&bkabka , Where apx belongs to the sire of animal i, k, = number of
b=l k=1 sire

loci in breed b, and &y is a Kronecker delta, i.e., dpk = 0 or 1; dpk Will be zero (2ky/2)
times and one (2ky/2) times, because a random sample of only 2 of the male alleles
from each breed is expected to be passed on to individual i.

agx , &gz = random variables representing the sum of the average effects of all alleles affecting

traits X and Z, coming from the gamete of the dam of animal i, e.qg.,

n,  2ky
Ay = (Z Zébkabkxj , Where agx belongs to the dam of animal i.
dam

b=1 k=1

To simplify notation, let

ny 2kp
X = Z Z Opk Apkx
b=1 b'>b
and
np 2kp
zZ = Opk Apkz
b=1 b'>b

Thus, for the sire of animal i,

cov,(X,Z)S = E[cov(X,Z | b] + cov(E[X | b),E[Z | b])
1
Eleov(X,Z1b] = ) 3G oaxs)s
b
cov(E[X | b),E[Z |b])] = E[E[X | b][E[Z | B]] — (E[E[X | BID(EIE[Z | B]])

EIELX | BIELZ | BT = ) p3(Fax Eaz)is
b

E[E[X | ][E[Z | b]] = E[E[XZ | b]]
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EIEIXZ | b1) = ) 1} (Eaxz)in
b

ELEX [BINEEEZ B = O p5(Far) YO P8 (Eaz),)
b b

ELELX | BIDEIELZ 16D = > @3 (BaxFaz)y,, + ). ). 5 0h (FaxFaz),y,
b b

b'£b

EIELX | BIDELEZ [ BID = ) 08 (Baxz)yy + . ). P30S (Baxz),y,
b b

b'+b

Thus,

cov(E[X | b),E[Z |b])]

= Z Py (Eaxz)bp — Z (p3)? (Eaxz)bb - z Pp Db (Eaxz)bb,
b b b

b'>b

Premultiplying the first term by

yields

(Zb: Pp ) (Z plS)(EaXZ)bb> = Zb: (py)? (Eaxz)bb + Zb: Z Pb P (Eaxz)bb,

b'>b

Inserting the above expression in cov(E[X | b), E[Z |b]) yields
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cov(E[X | b),E[Z |b])]

2 (pp)? (EaXEaZ) + 2 2 Pb Db (EaXEaZ) (EaXEaZ)

b'>b

- Z (p5)? (EaXEaZ) Z Z Pb Phr (EaXEaZ) (EaXEaZ)b,
b

b'>b

cov(E[X | b),E[Z |b])]
- Z z Pb Db (EaXEaZ)b - z Z Pb P (Eaanz)b (EaXEaZ)b'
b b'zb b b'>b
cov(E[X | b),E[Z |b])]

= Z z Pb P (EaXEaZ)b - z z Pb P (Eaanz)b (EaXEaZ)b,

b b'>b b b'>b

cov(E[X | b), E[Z |b])] Z Z i3 [ (BaxEaz), — (EaxEaz),s 1?

b'>b

cov(E[X | b),E[Z |b])] z Z Pb Pbr (Oaxz)bbr

b'>b

where (a.xz)pp: 1S the segregation covariance between traits X and Z due to differences in

allele frequencies in breeds b and b’.
Thus,
cov,(X,Z)S = E[cov(X,Z | b] + cov(E[X | b),E[Z | b])

1
v (X, 2)° = ) PiGOuxds + ). ) iPh @axdom
b

b b'>b



Mauricio A. Elzo, University of Florida, 2005, 2006, 2007, 2010, 2014. [13M-7]

Similarly, for the dam of animal i,

1
Cova(X'Z)d = ng(zaaxz)b + Z z pg pgl (Oaxz)bbr

b b b'>b

Thus, the covariance between traits X and Z for animal i is:

covy(X,2)% = covy(X,2)S + covy(X,Z)®

1
v (X, D= D 03 + 1) Gowdo + ) D WEpy + PEDPE) GaxIom
b b b'>b

1 1
cov (X, D= D Sf + 1) 2Gowds + ). ) @ipy + PP Caxsdow
b b b'>b

v, = Y ph @axds + ). D WPy + PR Gaxsd
b

b b'>b

where the superscripts i, s and d correspond to an individual animal, its sire and its dam, the

subscripts b and b’ represent two breeds, and

nb = number of breeds,
Po* = expected fraction of breed b in animal x, x =1, s, d,
(caxz)b = additive intrabreed covariance for breed b, and

additive interbreed covariance for the pair of breeds b and b’.

(Caxz)bw’
Multibreed nonadditive genetic covariances
Nonadditive genetic effects can be modeled in terms of subclass or regression procedures.

Regression multibreed nonadditive genetic covariances. These covariances involve
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interactions between alleles from one or more breeds at k loci. Only ny intraconfiguration
nonadditive genetic covariances between traits Y and Z at k loci, i.e., (onyz)k, K=1, ..., ng, need
to be estimated. No interconfiguration nonadditive genetic covariances are needed. For the case
of two breeds and assuming three configurations at 1 locus, there would be three
intraconfiguration variances: two intrabreed: var(A/A) and var(B/B), and one interbreed:
var(A/B).

Subclass multibreed nonadditive genetic covariances. These covariances are assumed to
differ for each breed-group-of-sire x breed-group-of-dam combination. They are computed by
conditioning them on the intraconfiguration populations of nonadditive genetic effects (as
multibreed additive covariances are conditioned on base breeds). Thus, the subclass multibreed
nonadditive genetic covariances between traits X and Z at k loci, are computed using the
following expression:

cov, (X, Z) = E[cov(X, Z| b] + cov(E[X | b], E[Z| b])

cov,(X,Z); = (Zﬁi:tik (O )i + nlkz:l itiktik‘(anxz)ik,i'k‘j [2]

where tjx is the probability of intraconfiguration i at k loci in breed-group-of-sire x breed-group-
of-dam combination T, (c,,); = intraconfiguration covariance i between traits X and Z,

(0 xz)iciw = interconfiguration covariance ik,i’k” at k loci between traits X and Z, and nij, =
number of intraconfigurations at k loci. For example, assuming 2 breeds and 1 locus there would
be 2 intrabreed (A/A and B/B) and 1 interbreed (A/B) configurations. The probabilities of the 2

intrabreed configurations would be ti; = [pa®pa?] and ti> = [pe® ps“], and the probability of the

interbreed configuration would be tis = [pa’ pe’ + pe’pa’]. Notice that the terms
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intraconfiguration and interconfiguration when referring to multibreed nonadditive covariances
are equivalent to intrabreed and interbreed when referring to multibreed additive covariances.
Multibreed Environmental and Residual Covariances

Multibreed environmental covariances could be assumed 1) to be equal for all breeds and
crossbred groups, 2) to be different for each breed and crossbred group (i.e., given an
environment each genotype reacts differently), and 3) something in between alternatives 1 and 2.
If multibreed environmental covariances were assumed to be different across breed groups,
and to behave in an additive fashion, then their computation would be similar to the procedure
used to compute additive genetic covariances. Thus, the multibreed environmental covariance

between traits Y and Z, would be:

nb nb-1 nb
cove (Y, Z2)= Z Py, (Gevz)p * Z Z (py Py + p?) pf}) (Gevz)bb: [3]
b=1 b=1 b'>b

where the superscript i represents an individual animal, the subscripts b and b’ represent two

breeds and
(cev2)o = environmental intrabreed covariance for breed b, and
(cey2)ob’ = environmental interbreed covariance for pair of breeds b and b’.

The structure of multibreed residual covariances will depend on 1) the additive model used
(animal, reduced animal, sire-dam, bull, sire model), 2) the ancestors identified on an animal
with records, and 3) the assumptions made with respect to multibreed environmental
covariances. For example, the expression of the multibreed residual covariance between traits Y

and Z for a sire-maternal grandsire model is the following:

covy (Y, Z)=cova (Y, Z)' =& 25cov, (Y, Z) — 8™ .0625 cov, (Y, Z)™
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+(@1—38™)cov, (Y,Z)™ + cov. (Y, Z)' [3]
where superscripts i, s, and mgs refer to an animal, its sire, and its maternal grandsire, the
subscripts v, a, and e represent residual, additive genetic, and environmental, and
& = indicator equal to 1 if animal x is not identified and to O if animal x is

identified, where x ='s, mgs,

cova(Y,2)’ = cova(Yp,Zp)', where the subscript D = direct genetic effects.
covy(Y,2)° = cova(Yp,Zp)°, and
covy(Y,2)™ = cova(Yp,Zp)™® .

Multibreed additive genetic covariances in Equation [3] are computed using Equation [1], and
multibreed environmental covariances using Equation [2]. If a model includes sires and dams,
then additive dam covariances (and multiplying factors 8 and .25) will be substituted for those
of the maternal grandsire. For an animal model with all relatives known, multibreed residual
covariances will contain environmental covariance components and covariances due to
nonadditive multibreed effects not accounted for sire x breed group of dam interactions.
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