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ANIMAL BREEDING NOTES
CHAPTER 14M
BREEDING VALUE OF AN ANIMAL FOR A SINGLE TRAIT INA MULTIBREED

POPULATION

Assumptions

(@) np unrelated breeds,

(b) ky loci per breed, ky arbitrary,

(c) rok alleles per locus in breed b, rok arbitrary, and

(d) no linkage.

Multibreed Breeding Value

Genetic value of an individual based on the mean genotypic value of its progeny. Because parents
pass on their genes (not their genotypes) to their progeny, the mean genotypic value of their
progeny is determined by the average effects of the parent's alleles (Falconer, 1981, p 106). Thus,
the breeding value of animal i for trait X in a multibreed population would be determined by the

sum of the average effects of alleles all the breeds present in each of its parents:

Uix = asx * adx [1]
where
uix = random variable representing the breeding value of individual i for trait X

asx random variable representing the sum of the average effects of all alleles from all

breeds affecting trait X coming from the gamete of the sire of animal i, i.e.,

n, 2k,
a, = (Z ZSbkabk] , where ap« belongs to the sire of animal i, ks = number of loci
b=l k=1 sire
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in breed b, and &k is a Kronecker delta, i.¢., ook = 0 or 1; dpk Will be zero (2ky/2) times
and one (2ky»/2) times, because a random sample of only 'z of the male alleles from
each breed is expected to be passed on to individual i.

agx = random variable representing the sum of the average effects of all alleles affecting a

trait, coming from the gamete of the dam of animal i, i.e.,

n, 2k
(Z Zsbkabkj , Where ap belongs to the dam of animal i.
dam

b=1 k=1
Average genetic effects are defined as deviations from the average gene at each locus within
each breed; thus, the expected value of uix is:

E[uix]

E[asx + adx]

= Efax]+E[as]

n, 2k n, 2k
= EKZ Zsbkabk) }r E|:( Zsbkabkj :l
b=1 k=1 sire b=l k=l dam

n, 2k n, 2k,
= (8 Seusical] |+|[S Sebuaninal] |
b=1 k=1 sire b=1 k=1 dam

= 0+0
=0
The variance of uix is:

var(asx + adx)

var(Uix)

var(asx) + var(adx) + 2 cov(asx,adx)
The covariance between the breeding values of animal i for traits X and Z is:

cov(Uix, Uiz) = cov(asx + adx, asz + adz)
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= cov(asx, asz) + COV(asx, adz) + COV(adx, asz) + CoV(adx, adz)
By conditioning on the breeding values of the sire (usx) and the dam (uax) of animal i, var(uix)
becomes:
var(ux) = var(E[asx | usx]) + E[var(asx | usx)]
+ var(E(aax | uax]) + E[var(aax | Uax)]
+ 2 cov(E[asx | usx], E[aux | uax])
+ 2 E[cov(asx | Usx, dx | Uax)]
But asx is the average effect of 12 of the alleles affecting the trait in the sire, i.e., asx = V2 Usx.
Thus,

E[1/2 USX| USX]

Efasx | usx]
= T2 Usx
Applying a similar argument to agx yields:
Elaax |usx] = V2 Udx
Thus, for the sire of animal i,

var(2 Usx)

var(E[asx | usx])

a var(Usx)

n

{62+ Sln) b

c=1

c=1

CAR YICHY

(= Va(oa? +Fsoa?) in asingle breed population)

where

Nes = number of common ancestors for sire s
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(ass,c,s)CS = additive relationship between the sire and the dam of sire
s through common ancestor ¢
(crix )S = multibreed additive genetic variance for trait X of the
sire
(ci\x )cs = multibreed additive genetic variance for trait X of the

common ancestor of the sire and dam of sire s and, for
the dam of animal i,

Similarly, for the dam of animal i,

var(E[aax | uax])

%1 (G,ZAX )d + Zw (% a‘sd,dd )cd (G/ZAX )cd J

c=1

Z(CORS AT

=}
(= Va(oa? + Fqoa?) inasingle breed population)
What is E[var(asx | Usx)]?
E[var(asx | usx)] = var (asx) - var(E[asx | usx])

Here,

n, 2k
var(asx) = var(z ZBbkaka
sire

b=1 k=1

Also, by definition,

n, 2k
var(z Zaka = oax’ = multibreed additive genetic variance for trait X.

b=l k=l

An expression for the multibreed additive genetic variance for trait X can be obtained by
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conditioning on the breed of origin of alleles as follows:

2

oax- = E[var(X|b]+ var(E[X]|Db])
np, -1 Ny

oax? = ZDL(G ) +Z Z(pbpb +pbpb ( )
b=1 b=1 b'>b

where superscripts i, s and d correspond to animal, sire and dam, subscripts b and b’ represent

two breeds, and

Nb = number of breeds
po* = expected fraction of breed b in animal x, x =i, s, d
(cax®)b = additive intrabreed variance of trait X for breed b
(cax®)bpr = additive interbreed variance of trait X for the pair of breeds b and b’

Thus, for the sire of animal i,

var(asx) = Var(nzb % Sbkaka
s (6ax%)s
and
E[var(asx | UsX)] - % (Gi\x )5 - % ((G ) + > (% ass,ds)cs (G,ZAX )ch

%1 (G/ZAX )s - 3 (% ass,ds )cs (GZAX )cs J

c=1

Nes

CAB TN

c=1

(= Va(oa? - Fsoa?) in a single breed population)

Similarly, for the dam of animal i,
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n, 2k,

var(agx) = Var(z zsbkabk

b=1 k=1

and

E[var(aax | Uax)]

J = V2 (oax’)d
dam

Neg

ZCRRIMMNCNN

c=1

c=1

ot {0 S |

ZCORICHN

(= Va(oa? - Fq 0a?) in asingle breed population)

The covariance terms of var(uix) are:

2 cov(E[asx | usx], E[adx | Uax])

The value of 2 E[cov(asx | Usx, aax | Uax)] =

2 coVv(2 Usx, V2 Udx)

/2 cOV(Usx, Udx)

y(Z(a ), (05 )]

c=1

N

;F (GAX)

(= Fioa?inasingle breed population)

[14M-6]

0 because the sire and the dam random samples of 'z of

their respective set of alleles are taken independently of each other, i.e., there is no connection

between the formation of sire gametes and dam gametes (biological fact).

Thus,
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) = Aflobd e Sl e 4GSR
S CRRCICHNTENIS TACON
+ SF(ak) +0

var(uix) =

% (GZAX )s + % (GZAX )d + i Fci (G,ZAX )ci

Equivalent model for the breeding value of an animal for a single traitin a

multibreed population

An equivalent model (same first and second moments; Henderson, 1985) to the single trait

multibreed breeding value model,

Uix = asx T aox
E[Ux] = 0
Nei
Var(UiX) - (G,ZAX )i + Z I:ci (Gi\X )m
c=1
is:
Ux= YaUs+Y2Ud+ 265+ V2gq [2]
where

uix = breeding value of animal i for trait X (random),
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Usx = breeding value of sire s for trait X (random),
usx = breeding value of dam d for trait X (random),
esx = Mendelian sampling occurring during gametogenesis in sire s for trait X (random),
eax = Mendelian sampling in dam d for trait X (random).
The Mendelian sampling terms &sx and €4x are independent of each other and independent from

breeding values. All random variables have expected values equal to zero, i.e.,

E[Uix] =0
and
var(uix) = var(Yz Usx + 2 Udgx) + var(Vz gsx) + var("2 gdx)
where
var(2 Usx + 2 Ugx) = var(z Usx) + var(z Udx) + 2 cov("2 Usx, /2 Udx)
GOSN RIS AN
c=1 c=1
+ ZFCi (G:ZAX )ci
c=1
(= Va (1 + Fs) op + Va (1 +Fq) oa? + Fx 6a? in a single breed
population)

Because the sampling process during gamete formation (Mendelian sampling) in the male and
female gametes is completely independent of each other, any loss of variation during this process
would be due to (i) inbreeding in the male present in the male gamete, and (ii) inbreeding in the

female present in the female gamete. Thus,

var(1/2 SsX) = %1 (G,ZAX )s - %1 (nzm ch (Gix )cs j
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and

var("2 €dx)

and

var(Uix)

= e -S|

C=

(= Va (1 -Fs)oa?inasingle breed population)
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(= Va (1 - F4) oa? in asingle breed population)
= (Gix )i + Z Fa (G/ZAX )ci

c=1
(= (1 + Fx) oa?inasingle breed population)

[14M-9]

Remarks: var(2 &sx) + var('2 eqx) = var(px) represents the variability that exists among gametes

in the sire and in the dam. Thus, it is affected negatively by the level of inbreeding in the sire (Fsx)

and dam (Fdx) and it is independent of the level of inbreeding of the individual (Fix).

Derivation of general rules to compute the inverse of the multibreed additive

covariance matrix directly

The multibreed additive genetic model can be generalized to include not only the case when both

parents are identified, but also the cases when only the sire, only the dam or neither parent is

known.

Unidentified parents are assumed to be non-inbred and unrelated among themselves and to all



Mauricio A. Elzo, University of Florida, 2005, 2006, 2007, 2010, 2012, 2014. [14M-10]

other identified animals in the population, just like base animals.
Base animals are those that all other animals in the population descend from. They are assumed to
be unrelated and non-inbred.
The extended version of the multibreed additive genetic model with animals ordered such that
parents precede progeny (e.g., by birth date), in matrix notation, is:

ux = %2 Pux+oex [3]
where

ux = vector multibreed breeding values of animals for trait X, where parents precede
progeny;

P = lower triangular matrix relating parents to progeny. A row of P contains ones in the
columns corresponding to the known parents and zeroes elsewhere. Thus, a row of P
contains:

0] two 1's if both parents are known,
(i) one 1 if either the sire or the dam of an animal is known,
(iif)  zeroes if both parents are unknown;
¢ox = vector of independent random variables representing:
(i) Mendelian sampling in the sire and in the dam, if both parents of animal i are
known, i.e.,
Pix = Ve gx + V2 €dx
(it) Mendelian sampling in the sire and the dam plus:
(@) the breeding value of the dam, if only the sire of animal i is known, i.e.,
Pix = VolUdx + Ve &sx + V2 €4x

(b) the breeding value of the sire, if only the dam animal i is known, i.e.,
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Pix = VolUsx + V2 gsx + V2 €dx
(ii1) the breeding value of animal i if neither its sire nor its dam are known, i.e.,
®ix =  Uix
From equation [3] we can see that:
ox = (I-1P)ux

= ux = (I-"%P)"!ox

= E[ux] = (I-"2P)"E[gx]
= 0
= var(ux) = (I-%2P)*var(ex) (1 - %2 P)*
var(ux) = (1-%P)tD(l-1%P’)*
where

D = diag{var(pix)}
= diag {dii}

The var(gix) = dii are:

(i) var (Egs +£8d j = var (Uix)—Var (lu +£ud j
2 X 2 X 2 SX 2 X

N

CAES SACH IR (RIS YATH

c=1

AR YICHNE LIC!

c=1 c=1

= b@)—x@@i—%b@%—%g%@ak

- %1 Zm: ch (Gf\x )cd
c=1
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if s and d are known

(i) var (% Ugy + % g, + % de) = var (uy)—var (% qu)
= (G:ZAX )i B %1 ((Gix )s + ch FCS (G/ZAX )csj
c=1
= (Gix )i - W (Gix )s - W i Fes (G,ZAX )cs
c=1
if s is known only
(iii)) var (% U, + % g, * % gdxj = var (ux)-var @ udxj
= (GZAX )i - %((Gix )d + Zw: Fed (Gix )cdj
c=1
= [0k - Hlod - K2 Fulohs
c=1l
if d is known only
(iv) var (% U, T % Ug, + % &, T % de] = var(uix)

(Gix )i

if neither s nor d are known

But

var(ux)
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1 1
- Gaxt = [I-=P|D|I-ZP
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= Gaxt = Dt -1%D1P - %P D!+ P D!P
| | | !
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o
P, _ .
LetP=|  |where pi’ is a vector with at most two 1's and the rest zeroes.
L Py
Thus,
SRS
_Edli P1
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1.,
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[animal]
—%dﬁl [sire]

1 -1
—-—di dam
5 d [dam]

“WP'DIP = Zdﬁl p. P’
i=1

[sire] [dam]

dit dit ... [sire]

M|

dii dii ... [dam]

N

M|

Based on the pattern of contributions of the four matrices contributing to Gax-%, the following
rules to compute Gax! directly can be inferred:
(1)  if both the sire (s) and the dam (d) of animal i are identified, add:

dit to ixi

1, . . ) )
_Ed" to ixs,ixd sxidxi
1 4
Zdii to sxs,sxd,dxs,dxd

where
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o {(G;X R CARLICHN SIS SACHS ﬂ

(2) if only the sire (s) is known, add:

dit to ixi
—%dﬁl t0o ixS,Sxi
%dﬁl to sxs

where

G {(Gix |- ((Gix )+ 21: (02 ) j}l

(3) if only the dam (d) is known, add:

dit to ixi
—%diﬁ to ixd,dxi
%dﬁl to dxd

where

dt= {(o;x ) —%((cix ESAHCNE

c=1
(4) if neither s nor d are known, add:
dit to ixi

where

[14M-15]
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dit = [(Gix )i }1

These computational rules correspond to the multibreed version of Henderson's rules.

In order to apply these rules we must know the dii. If there is no inbreeding the dii can be easily
computed using only the multibreed additive genetic covariances of the genetic groups of the
animal, its sire, and its dam. But, if there is inbreeding, the computation of the di requires
knowledge of the inbreeding coefficients of each common ancestor of an animal and its
corresponding multibreed variance for trait X. Because we are computing Gax™* without computing
Gax first, it is easier to compute the d; directly using a recursive procedure based on computing C,

where CC’ = Gax. This approach will be used here.

Rules to compute the dii in a non-inbred multibreed population
If all animals in a multibreed population are non-inbred then:

(1)  if both the sire (s) and the dam (d) of animal i are identified, add:

dit to ixi

_%dﬁl to ixsixdsxidxi

%dﬁl to sxs,sxd,dxs, dxd

where
d;’ = [l0%) ~ 40k~ (o2
(2) if only the sire (s) is known, add:

dif to ixi
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1 . .
——d; to 1xs,sxlI
2d X X

1.
= d; to SxS
40 8

where

d;' = (o) (o2 ]
(3) if only the dam (d) is known, add:

dit to ixi

—%diﬁ to ixd dxi

%dﬁ to dxd
where
_ 1
di' = [(Gix)i - %(Gix )dT ,
(4) if neither s nor d are known, add:
dit to ixi

where

ai'= (o5 "

[14M-17]
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Example of Gax-! in a non-inbred multibreed population

Animal Sire Dam
Number Breed Number Breed Number Breed
Group Group Group
Parents 1 A 0 A 0 A
2 B 0 B 0 B
3 %A% B 0 A 2 B
Non-parents 4 A% B 1 A 0 B
5 %A% B 1 A 2 B
6 AY:B 1 A 3 “AY%B
Intrabreed additive genetic variance of trait X for breed A = opax’ = 36
Intrabreed additive genetic variance of trait X for breed B = opex’ = 9
Interbreed additive genetic variance of trait X for combination of breeds AB = ocasx’ = 4
Multibreed additive genetic variances for the 6 animals are computed using the expression:
Nl g
oAX Zpb(csax) +bzl: é(pbpb +pipd) ( )
Animal
Number Breed Group Multibreed Additive Genetic Variance
Parents 1 A 36
2 B 9
3 1 A%B 15 (36) + %2 (9) = 22.5
Non-parents 4 “AY%B Y2 (36) +%2(9) =225
5 1 A%B 15 (36) + %2 (9) = 22.5
6 AY,B ¥, (36) + ¥4 (9) + [(1)(0) + (*2)(*2)](4) = 30.25
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The (dii)* values for the 6 animals are:

Animal
Number | Breed Group (dii)?

Parents 1 A (36)t

2 B 9)*?

3 1 AYs B 22.5 Y, (9) = (20.25)
Non-parents 4 %»A%B 22.5 -, (36) = (13.5)*

5 % A% B 22.5— Y4 (36) — ¥4 (9) = (11.25)

6 %AY:B 30.25 — ¥4 (36) — ¥ (22.5) = (15.625)

The inverse of the Gax matrix is: Gax* =

(20.25)" |

| _
| (@35)°

D1-1%D1P-1%P D1+ P D-!P, where:

- - , thus

(11.25)™

(15.625)*
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Gax !

where each g'l term is computed using the recursive multibreed rules above, i.e.,

gll
912
913
gl4
915
glﬁ
922

23

g

g25

33

g

36

g
g™
g%

66

g

11

12 13

g 9

g
22 23

g 9

33

parents

14 15

g 9
U

non-parents

g

16|

parents

nonparents

(36)1 + ¥4 (13.5)1 + ¥4 (11.25) ™ + ¥4 (15.625)*

Y, (11.25)

4 (15.625)

- % (13.5)*

-1 (11.25)

- % (15.625)*

(9! + v (20.25)* + ¥4 (11.25)1
-1 (20.25)

-1 (11.25)

(20.25)1 + Y4 (11.25)

~ 1 (15.625)

(13.5)
(11.25)

(15.625)*

[14M-20]
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Multibreed Inbred Population

The multibreed additive genetic covariance of an animal with itself for trait X is:

Nei

gi = var(Uix) = (Gix)i”;(%asd)d(ci\x)ci
or

gi = var(uix) = (Gf\x)i”’:Zi:Fci(Gix)ci
where

(8 )

additive genetic relationship between the sire (s) and the dam (d) of animal i

through common ancestor ci

Fei = coefficient of inbreeding of animal i due to common ancestor ci

= (% Agg )ci
In an inbred multibreed population the diagonal elements of the matrix D, i.e., the d;, will depend
on the coefficient of inbreeding of the parents of the animals included in the relationship matrix A.
Thus, the dii cannot be computed based solely on knowledge of (cax?)bx, b = 1 t0 Nux, Where npx =
number of breed group combinations. We also need to know the coefficients of inbreeding of the
parents thorough each one of their common ancestors weighted by the multibreed additive genetic
covariances of their breed group. However, we do not need to compute the complete matrix Gax,

only need the diagonal elements, because

0.~ -2 {oh) - SR loic |- (SRl

c=1l

where
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1 if s(d)is known

0 otherwise

85 (Sd) = {
Thus, what we need is an efficient method to compute the diagonal elements of Gax, i.e., the gii.

This is accomplished by a recursive algorithm (Elzo, 1990), based on an algorithm developed by

Quaas (1976) to compute the diagonals of the additive relationship matrix.

Recursive method to compute the diagonals of the multibreed additive genetic covariance
matrix Gax

The multibreed additive genetic covariance matrix Gax is equal to:

1.\" 1_\"
GAX=(I—§P) D(I—EPJ

Claim:
(I —%Pj_l =1 +%P +(%PJ2+(%PT+ +(%ij
where
m = maximum number of generations separating two individuals in Gax, m < n , where
n = order of matrix Gax

number of animals in the pedigree
Proof (Quaas, 1986): P is a lower triangular matrix with zeroes on and above the diagonal. Thus,
P™1=0form <n.

Consider,

2 m
To1+ip+[Lp]+ +[1p
2 2 2
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2 3 m m+1
o)t tpe(ip) +[Lp] 4. +[2p] +[L1p
2 2 2 2 2 2

Subtract the second term from the first term:

-

and

But

Remarks:
The rows of the matrices P, P?, P, ..., identify parents, grandparents, great-grandparents, ..., i.e.,
Rows of identify
P parents
p? grandparents
p3 great-grandparents

pm ancestors m generations back from the

current generation
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Example of Gax-! in an inbred multibreed population

[14M-24]

Animal Sire Dam
Number Breed Number Breed Number Breed
Group Group Group
Parents 1 A 0 A 0 A
2 B 1 B 0 B
3 A% B 1 A 2 B
4 YaAY:B 3 “»AY%B 2 B
Non-parents 5 %A %B 3 A% B 4 YaA¥2B
6 %A %B 3 1% A% B 4 2 A% B

Intrabreed additive genetic variance of trait X for breed A = caax? = 36

Intrabreed additive genetic variance of trait X for breed B = oggx? = 9

Interbreed additive genetic variance of trait X for combination of breeds AB = cagx

2:4

Animal
Number Breed Group Multibreed Additive Genetic Variance

Parents 1 A 36

2 B 9

3 1 AY: B 1 (36) + ¥ (9) = 22.5

4 4 A Y B Y, (36) + % (9) + (%2)(¥2)(4) = 16.75
Non-parents 5 YA %B 3 (36) + % (9) + [(*2)(¥2) + (V4)(¥4)](4) = 20.875

6 %A %B 3% (36) + % (9) + [(*2)(%2) + (V4)(¥4)](4) = 20.875
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1.0 ]
05 1.0
(|—1PT _ 075 05 1.0
2 0625 075 05 1.0
0.6875 0.625 0.75 05 1.0
| 0.6875 0.625 075 05 0 1.0 |

Alternatively,

() - el )

1 0
1 05 0
B 1 05 05 0
- 1 "o 05 05 0
1 0 0 05 05 0
I 1] [0 0 05 05 0 0]
. o _
0 0 0 0
025 0 O 0 0 0
+ +
050 025 0 O 0125 0 0 0
0.25 050 025 0 1 0.375 0125 0 0 O
1025 050 025 0 0 1] [0375 0125 0 0 0 O
S _
0 0
0 00
+
0 000
00625 0 0 0
100625 0 0 0 0 0]
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1
0.5
0.75

1

0.5 1

0625 0.75 05
0.6875 0.625 0.75
L 0.6875 0.625 0.75

1
05 1
05 O

1

j C
Let us look at the sums 1+ (% Pj , j<4, more closely.
=1

(k] -

1.0
05 1.0

[ 1.0
0.5

0.75

0.50
0.25

L 0.25

1.0
0.5
0.5
0.5

1.0

0.5
0.75
0.50
0.50

1.0
05 1.0
05 0 1.0]

1.0

05 10

0.75 05 1.0
075 05 0 1.0_

parental rows € generation 1

parental rows ¢ generation 1

parental row ¢ generation 2

[14M-28]
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1.0 i
05 1.0 parental rows ¢ generation 1
075 05 1.0 parental row ¢ generation 2
3 c
I+ZGP) =
a2
0.625 075 05 1.0 parental row € generation 3
0.625 0.625 0.75 05 1.0
. 0.625 0.625 0.75 05 0 1.0
1.0 i
0.5 1.0 parental rows ¢ generation 1
0.75 05 10 parental row ¢ generation 2
4 1 c
I+ —P| = | oo oo ememeaee -
327)
0625 075 05 1.0 parental row € generation 3
0.6875 0.625 0.75 05 1.0
| 0.6875 0.625 0.75 05 0 1.0 ]
Generalizing:

-1 2
(1) The i" row of T = (I—%Pj is equal to the sum of the i rows of I, %P, (%Pj -

m 2 m
(%PJ ,i.e., i row of T is equal to the sum of the i rows of I, %P, (%Pj R (%P) :



Mauricio A. Elzo, University of Florida, 2005, 2006, 2007, 2010, 2012, 2014. [14M-30]

2
However, the i" row of T is also equal to the sum of the i rows of I, %P, (%PJ -

13" . . . . . .
(5 Pj , Wwhere m; (mi < m) is the number of generations separating animal i from its oldest

known ancestor.

(2)  The parental rows of | —%P are the same as the corresponding ones of
2 2 3
|+1P+ EP ,|+1P+ lP + lP , ..., andof
2 2 2 2 2

2 3 m
.+£p+(1pj +(1pj (Epj
2 2 2 2

2
Similarly, the parental rows of | + % P+ [% PJ are the same as the corresponding ones of

T.

2 3
|+ % P+ (% Pj + (% Pj ,...,and T; etc. The reason for it is that the differences that exist between

1 i /1.Y
1+>° EP and 1+ EP
c=1

c=1

are related to accounting for the passage of alleles, from ancestors ¢ generations removed form

2 C
each animal, to these same individuals. For instance, if ¢c = 3, the difference between | + Z (% Pj

c=1

3

3 C
and |+ z (% Pj , are the elements of G PJ which reflect the passage of alleles from great-
c=1

grandparents to great-grandprogeny. Thus, rows of animals with unknown ancestors from the c*"

generation backwards remain unchanged, i.e., when the passage of alleles from all known
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ancestors of an animal has been explained, its row will not change anymore. These fixed rows are

called parental rows if these animals have progeny. In particular, notice that:

the parental rows of the parental rows of

I+§(%Pj€ |+2[%ch

because the animals from the last generation have not become parents yet.

(3)  The i row of T is a linear function of the rows of the parents of animals i, i.e.,

o {1oS (3]} = momatfiode [ 13 5]

1 (1Y
londiag+=p’| I + —P
iag ZD[ 2(2 H

c=1

where
pi’ =i row of P, it has at most two non-zero elements: a 1 on the column corresponding
to the sire of animal i (s) and another 1 on the column of the dam of animal i (d), i.e.,
pi’ = [0..010...010..0]

! !
S d

(4) Because T contains all the parental rows and the row for an animal is a linear function of the
rows of its parents, a recursive procedure to compute T can be outlined as follows:
(i) Order animals such that parents precede progeny, numbering them from 1 (oldest) to n
(youngest).

(if) Compute the elements of T = {tjj}, one row or one column at a time, as follows:
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(@) tj

(b) ti

%tsi,j +%tdi,j for j<i if si and di are known,

1 .. e

Etsi,j for j<i if si is known only,

1 . e

Etdi,j for j<i if di is known only,

0 for j<i if neither s; nor d; is known,
0 for j>i

1

The matrix Gax, written in terms of T, is:

Gax=TDT’

Because D is diagonal and positive, D = D*2 D*. Thus,

Gax = TD%:D%:T’
Gax = CC’
where
C = TD%

C = Cholesky decomposition of Gax

[14M-32]

The elements of C can be computed recursively, using the procedure to compute T, as follows:

(i) cij = dj?
1
= E(Ssi tSivj+
where

5, (3s) =1

8di tdivj) dl}lé forj<i

if si(di)>0
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= 0 ifsi(d)=0
@i)ci = dg
Cii2 = di
8 8
R AN (CIS LHENN
Ciiz = (G,ZAX )i _%gsisi _%gdidi
But
Gax =CC’

~ & = (o) -

= to compute the dii = ¢ii> we only need the squares of the diagonal elements of Cholesky matrix
C. Also, computations can proceed one column at a time. Consequently, the matrix C does not
need to be stored to compute the gii.
The computational procedure to obtain the gii, proceeding one column at a time (Elzo, 1990),
is as follows:
[1] Define:

u = vector of sums of squares of the elements of a row of C

v = vector containing the diagonal elements of C and work vector (used to store
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offdiagonal elements of C temporarily)
[2] Order animals so that parents precede progeny and number them from 1 to n. Set the numbers
of unknown parents to zero.

[3] For the i round (i.e., the i animal) compute:

@ vi = cq
- :(Gix)i—%(usﬂfudi)r if'si, di >0
. _(G;x)i_%u{% ifsi>0,di=0
- :(Gix)i—%udi:% ifsi=0,di>0

= [(Gix)i]% ifsi=di=0

b)) vi = cj forj=i+1,..,n

= _VsJ+_Vd ifiSSj, dj
SEW ifdj<i<s

= SV if 5j<i < dj

=0 ifsj, dj<i
(© u = ui+(v)? forj=i,..,n
@ &t = (w7
[4] Compute and sum the contributions of the i" animal to Gax -* using the multibreed recursive

rules. If the matrix is too big to be kept in core, use a linked-list subroutine to sum and store
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only the non-zero elements of Gax'.

[5] Repeat steps [3] and [4] until the last animal is processed, i.e., do steps [3] and [4] fori=1, ...,
n.

[6] If matrix Gax! is to be stored on disk or type, copy the non-zero elements accompanied by

their row and column numbers.

References

Falconer, D. S. 1981. Introduction to Quantitative Genetics. 2" Ed., Longman, Inc., New York.

Henderson, C. R. 1976. A simple method for computing the inverse of a large numerator
relationship matrix used in prediction of breeding values. Biometrics 32:69-83.

Elzo, M. A. 1990. Recursive procedures to compute the inverse of the multiple trait additive
genetic covariance matrix in inbred and noninbred multibreed populations. J. Anim. Sci.
68:1215-1228.

Elzo, M. A. 1996. Animal Breeding Notes. University of Florida, Gainesville, Florida, USA.

Quaas, R. L. 1975. From Mendel's laws to the A inverse. Mimeograph, Cornell University, p 16.

Quaas, R. L. 1976. Computing the diagonal elements and inverse of a large numerator relationship
matrix. Biometrics 32:949-953.

Quaas, R. L. 1986. Personal Communication. Animal Science 720. Cornell University, Ithaca,

NY.



