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ANIMAL BREEDING NOTES 

CHAPTER 5 

DIFFERENTIAL CALCULUS IN MATRIX NOTATION 

 

Vectors of partial derivatives 

Let x be an m × 1 vector and y be a scalar function of the elements of x, i.e., 

    y = f (x1, ... , xm). 

Then, y/x is defined to be the vector of partial derivatives y/xi, i.e., 
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Example:  y = 5x1 + x2 B 3x3 

Notice that 
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In general, for y = ax 
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Matrices of partial derivatives 

(1) Let x be an m × 1 vector and y be a vector a scalar functions of the elements of x, i.e., 

{yi = fi (x1, ..., xn)}.  Then, y/x is defined to be the matrix of partial derivatives y/xi, 

i.e., 
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Let yi = ai' x.  Thus, y can be written as 
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where the {ai'} are the rows of A. 

Thus, 
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On the other hand, if y = xA, i.e., y is a function of the columns of A, 
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where the {ci} are the columns of A. 
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Example: 

(a) 













































































 x9 + x8 + x7 

 x6 + x5 + x4 

 x3 + x2 + x  
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(b)  
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(2) Let y = xAx.  Then, 
x
y


 = Ax + Ax, and if A is symmetric, 
x
y


 = 2Ax. 

Proof: 
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where {aj} are the rows of A and {cj} are the columns of A. 

Thus, if A is symmetric, 

   2Ax  Ax    +Ax      
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Example: 

   y =  
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  = 2Ax    

 x12 + x10 + x6 
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(3) Let t be a scalar and Y a matrix, whose elements are functions of the scalar t.  Then, 
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(4) If A and B are functions of the scalar t, and if C = AB, then 
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Thus, by applying (3) above 
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Example: 
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(5) Let A be a nonsingular matrix whose elements are functions of the scalar t.  Then, the 

elements of AB1 will also be functions of t.  Thus, 
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Proof:  Consider differentiating AAB1 = I, i.e., 
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 By (4) above 
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Special cases of (5) 

(5.1) )a(a    
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where 

  aij   = ijth element of A 

  aj  = jth column of AB1 

  (a)i = ith row of AB1 

Proof: 

  ’e e    E    
a
A

ijji
ij




  

where 

  Eji  = n × n matrix having a 1 in the ijth location and 0's 

elsewhere 

  ej  = n × 1 column vector with a 1 in the jth location and 0's 

elsewhere 

  ei
’  = n × 1 row vector with a 1 in the ith location and 0's 

elsewhere 

 Thus, by (5), 
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,    apq = pqth element of AB1 

(6) Let each element of a matrix Ann be a function of the scalar t and let Bn×n be a matrix 
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whose elements are independent of t. 

Then, 
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So, by (3) we have that 
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(6.1) If t = aij, i.e., the ijth element of A, then: 
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(6.2) If t = {aij}, i.e., t is a matrix, then we can define: 
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(6.3) Generalizing, if the elements of the matrix A are functions of the elements of a 

matrix Tnn, and B is a constant matrix, 
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by (3) and (6.2) above. 
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Proof:  This is true because tr(AB) = tr(BA). 
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Proof: 
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     because  tr(A’B) = tr(B’A). 

(6.6) D'AC'B'BADC    BAD)tr(CA'
A




  

Proof: 
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By the derivative of a quadratic form (2), we have that: 
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       + B’AC’D’   by (6.2) 
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Proof:  u’BACv is a scalar.  Because a scalar equals its own trace, 
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