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ANIMAL BREEDING NOTES
CHAPTER 5

DIFFERENTIAL CALCULUS IN MATRIX NOTATION

Vectors of partial derivatives
Let x be an m x 1 vector and y be a scalar function of the elements of x, i.c.,
y = f(X], cee g Xm)~

Then, dy/0x is defined to be the vector of partial derivatives dy/dx;, i.e.,

o0y 0x,
@ B oyl0x,
ox :
Oy /0 X m
Example: y = 5x;1+x-3x;3
Notice that
X1 5
y=[5 1 _3] X2 :[X1X2X3] 1
X3 -3
Thus,
oy | | o]
aX1 aX1
5
y oy |||, |
0x aXz aX2
-3
9y o
_8X3 _aX3_
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In general, for y = a’x

Matrices of partial derivatives
(1) Let x be an m x 1 vector and y be a vector a scalar functions of the elements of x, i.e.,
{yi=fi (X1, ..., Xn)}. Then, dy/ox is defined to be the matrix of partial derivatives dy/ox;,

Le.,

@: dy, 9y, Y,

Let yi =ai'x. Thus, y can be written as

¥ ar’ X
y ar X
2 2
= = AX
’
_yn_ _an X_

where the {a;'} are the rows of A.
Thus,

ai

—Ax=| | =A

2|

dn |

On the other hand, if y =x'A, i.e., y is a function of the columns of A,

ox'A
%:gz[mm---Cn]:A

where the {c;} are the columns of A.
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Example:
1 2 3| xi \ x1T2x,+3x;
@y=Ax=|4 5 6| x2|=]|Y,|=]4x1T5x,16x;
7 8 9| xs Ys Tx1T8x,+9x3

@: dy, 9y, 0y, _ dy, 9Oy, 0y,
0x 0x 0Ox 0x

1 2 3 xiT4x:+7x;
(b) y = X!A = [Xl X2 X3] 4 5 6 = 2X1+5X2+8X3
7 8 9 3x1T76x:1t9x3
1 2 3
Y _|4 s 6|=na
ox
7 8 9

(2) Let y=x'Ax. Then, 2_}/ = Ax + A’x, and if A is symmetric, Z—Y = 2AX.
X X

Proof:

n n
y = X'Ax = ZZainin

i=1 j=I



B a 7 [ n n N
P DX D A
0x, = il
a . n n
Tl D Y axx, =
ox iR S
i=1 j=I
a n n
9 Sax 43 ax
nj*j in“*i
_axn_ = i=1 ]
al’X CI,X
i a, X c X
9 Dt | = Ax + A
ox :
an’X Cn’X

where {a;} are the rows of A and {c;} are the columns of A.

Thus, if A is symmetric,

@=AX+AX=2AX
Ox

Example:
1 2 3 Xi
y = X’AX=[X1X2 X3] 2 4 5 X2
305 6|y
X
y = [x+2x+3x: i 2x+4x: 5% P 3xi+5x:+6x3)| xo
X3

y = X12+4X1X2+6X1X3+4X§+10X2X3+6X§
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A
Oxi
2X1+ 4X2+ 6X3
N | N | Z| 4y + 85 +10x, | = 2Ax
aX aXZ
6x,+t10x,+12x;
Oy
| Ox; |

(3) Let t be a scalar and Y a matrix, whose elements are functions of the scalar t. Then,

oy, OYim
o _8t
o _
ot
ayvnl aYnm
L ot ot |
Example:

2t+¢? 3t

y:
3t 4t+2¢
oy _[2+2t 3}
ot 3 4+4t

(4) If A and B are functions of the scalar t, and if C = AB, then

n
Cij = Zaik byj
k=1

and

Thus, by applying (3) above
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OAB B  0A

Z2 oA+ 0B
ot ot ot
Example:
3t 2¢ 5¢ t
Let A= and B =
2¢2 4t t 6t
Then,
oAB [ 3t 2¢ {10‘[ 1}{3 4tH5t2 t}
ot | 2¢ 4t 1 6 4 4 t ot
o 32¢ 3t + 12¢° | 19¢ 3t + 24¢2
= +
|4t + 20¢° 24t + 2¢% | 4t + 20¢° 24t + 4¢°
514 6t + 36¢> |
|8t + 40¢° 48t + 6¢°

(5) Let A be a nonsingular matrix whose elements are functions of the scalar t. Then, the
elements of A™' will also be functions of t. Thus,

oA LOA |
a . A aA

Proof: Consider differentiating AA™ = I, 1e.,

9AN" L _

ot ot
By (4) above
-1 -1

OAAT _ \OA" [ OA

ot ot ot
-1
= aAtAh B

ot ot



OA™!
ot

Special cases of (5)

-1
.1y A
0 aj;
where
aij =
Py =
Proof:
oA _
Oaj; "
where
Thus, by (5),
OA™
0 aj;
km
(5.2) Oa™ _ _
0 aj;
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OA

— _Afl_Afl

ot

ij™ element of A
jth column of A™

i" row of A”!

Cj ei’

E;i = n x n matrix having a 1 in the §j™ location and 0's
elsewhere

€j = n x 1 column vector with a 1 in the j™ location and 0's
elsewhere

eiﬁ = 1 x 1 row vector with a 1 in the i location and 0's
elsewhere

= —A'EiAT = —(A"e)e’AT) = —ai(@)
a¥a™, a"M=pq" element of A™'

(6) Let each element of a matrix A,,, be a function of the scalar t and let B, be a matrix
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whose elements are independent of 't.

Then,

tI‘(AB) = iiaij bji

i=1 j=1

Thus,

So, by (3) we have that

otr(AB) t{ a_AB}
-

(6.1) Ift=aj,1i.e.,the ijth element of A, then:

= b;i, bj =jith element of B

Proof:

otr(AB) ¢ Z“: Oam
aaij o ma Oa

bmk = bii

ij

(6.2) Ift= {aj},1i.e., tis a matrix, then we can define:

) _J B R Y
S HAB) = { . tr(AB)} = {bsf =B

au

Proof:

n n

8 _ aakm _ _ ’
a_Atr(AB) = { ZZ Day bk } = {bji} =B

(6.3) Generalizing, if the elements of the matrix A are functions of the elements of a

matrix Tp., and B is a constant matrix,



O woam | 2 | uloa
8_Ttr(AB) = { o tr(AB) } = { tr L’ath J }

by (3) and (6.2) above.
(6.4) itlr(AB) = itr(BA) =B
7 0A oA

Proof: This is true because tr(AB) = tr(BA).

0 0
6.5) ——tr(A'B) = —1tr(B'A) =B
6.5 —-t(A'B) = —-tu(BA)

Proof:

n

0 A A da,, (o
S -] $5n, e )

k=1m=1 ij

aiAtr(B’ A) = a%tr(A' B) Dbecause tr(A’B)=tr(B’A).

(6.6) a%tr(CA’BAD) = BADC+B'AC'D'
Proof:
% tr(CA'BAD) = tr(A' BADC)

% tr(CA'BAD) = tr(DCA’ BA)

By the derivative of a quadratic form (2), we have that:

9 ((CABAD) = - tr(A’ BADC) + - tr(DCA’ BA)
oA oA oA

a%tr(CA'BAD) = BADC by (6.5)
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+ B’ACD’ by (6.2)
(6.7) itr(BCADE) = C'B'E'D'
OA
Proof:
0 0
—tr(BCADE) = — tr(ADEBC)
OA OA

a%tr(BCADE) = CBED' by (6.2)

(6.8) iu‘BACV = B'uv'C
OA
Proof: uw’'BACYv is a scalar. Because a scalar equals its own trace,

iu‘ BACv = itr(u’BACV)
OA OA
iu‘ BACyv = itr(ACvu'B)
OA OA
0
—Uu'BACv = B'uv'C' by (6.2)
OA
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