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ANIMAL BREEDING NOTES 

CHAPTER 17 

APPROXIMATIONS TO THE ANIMAL MODEL 

 

Data sets in animal breeding are frequently very large and sometimes parts of a data set cannot be 

utilized for genetic analyses.  In such instances, simplifying assumptions could be made with 

respect to the structure of the data.  Some of the assumptions commonly used are: 

(i) Parents have no records of their own.  If some parents actually have records, these are ignored.  

Thus, the RAM becomes a sire-dam model (SDM). 

(ii) Parents have no records and dams are related only through their sires.  Here, the RAM becomes 

a sire-maternal grandsire model (SMM). 

(iii)  Parents have no records and dams are unrelated.  Then, the RAM becomes a sire model (SM). 

 

Sire-Dam Model (SDM) 

Parents have (or assumed to have) no records, thus the RAM becomes: 

   yn = Xn b + Zn (½ Pnp) up + (Zn φn + en) 

   yn = Xn b + Zn (½ Pnp)(2)(2-1) up + (Zn φn + en) 

   yn = Xn b + Zn Pnp (½ up) + (Zn φn + en)   

   E[yn] = Xn b 
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where 

 yn  = vector of observations of nonparents 

 b  = vector of fixed effects 

 ½ up = vector of transmitting abilities of parents 

 φn  = vector of deviations of nonparent BV from the average of the BV of their parents 

(caused by mendelian sampling) 

 en  = vector of nonparent residual effects 

 Xn  = incidence matrix relating nonparent records to fixed effects in b 

 Zn  = incidence matrix relating nonparent records to individual BV (i.e., to unp) 

 Pnp  = incidence matrix relating nonparent BV (i.e., unp) to the transmitting abilities (½ BV) 

of their parents (i.e., ½ up) 

 

Let 

  y  =  yn,  X  =  Xn,  Z  =  Zn Pnp,  u  =  ½ up,   and  e  =  Zn φn + en. 

All these vectors and matrices are defined above, except for Z  =  Zn Pnp, which is an incidence 

matrix relating nonparent records to the transmitting abilities of the parents of these individuals (i.e., 

to u = ½up). 

 

Thus, the SDM can be expressed as follows: 

    y =  Xb + Zu + e 
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   E[y] =  Xb 

  var
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To obtain back solutions for nonparents we use the same formulae used for the RAM. 

Thus, 

 n̂  = (Zn’ Zn + D-1 α-1)-1 [Zn’ yn - Zn’ Xn bº  - Zn’ Z û ] 

and 

 ûn = Pnp û  + n̂   

For the ith nonparent, these formulae are: 
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Remarks: 

[1] Columns of zeroes will be added in front of the matrix ZnPnp = Z for animals needed to obtain 

the matrix A-1 using Henderson's rules. 

[2] The vector u of SDM is equal to the vector ½ u of  RAM.  This is the reason why the ½'s do not 

appear in the formulae for n̂  and ûn above.  The ûn, however, are the BLUP of the BV of the 

nonparents. 
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Numerical example for SDM 

Assume that parents in the example for the RAM have no records.  Then, the SDM is: 
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The diagonals of the A matrix for the SDM are the same as those of the RAM, thus so are the 

diagonals of D and D-1.  Also, the elements of Dn and D-1 are the same for the RAM as for the 

SDM. 

The MME for the SDM are: 
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where  

 R2
-1 =  (In Dn In α + I)-1 

   =  (Dn α + I)-1 
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The MME for the SDM are: 
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The vector of solutions for the SDM is: 

  










































































































































 0.7727   

 0.2353   

 0.6203 

 0.2572 

 0.1579 

 0.7850   

 0.6835 

 0.1354 

 0.1015 

 0.0338 

---------

 276.4162 

 288.0682 

    

 û 
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where the ûi are transmitting abilities, i.e., ½ BV. 

 

Backsolutions can be computed for the nonparents (i.e., animals 11 through 15), using the 

following formulae for the ith nonparent: 

     u + u by  
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Thus, 
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Sire-Maternal Grandsire Model (SMM) 

Dams are assumed to have no records and to be unrelated to other dams and to sires, except through 

the relationships that may exist among their sires.  Under these assumptions the SDM is modified as 

follows: 

  yn = Xn b + Zn [Pns    Pnd]
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  yn = Xn b + Zn[Pns   ½ Pn mgs]
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However, if nonparents are related only through their male ancestors, then 

 Pn mgd = I, 

which implies that each nonparent has a different maternal granddam.  Thus, 
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where 

 ½ umgs  = transmitting ability of the maternal grandsire, 

 ½ umgd  = transmitting ability of the maternal granddam, 

 Pn mgs  = incidence matrix relating nonparents to mgs, 
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 Pn mgd  = I  = incidence matrix relating nonparents to mgd, and 

  ½ φd  = ¼ εmgs + ¼ εmgd  =  mendelian sampling in the mgs and the mgd. 

All the other vectors and matrices are as defined for the SDM. 

Let 
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  Z = Zn [Pns     Pn mgs]  =  incidence matrix that relates nonparent records to the 

nonparent sire and mgs transmitting abilities, and 

  e = Zn (¼ umgd + ½ φd + φn) + en . 

Then, the SMM is: 

    y =  Xb + Zu + e 

   E[y] =  Xb 
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The MME for the SMM are: 
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
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How to obtain back solutions for dams and nonparents? 

Rewrite the SMM as follows: 

    y = X b + [Z     I]












 e 

u  
  

    y = X b + W θ,  for W = [Z     I] and θ =












 e 

u  
. 

   E[y] = Xb 

    var(θ) = B 

=>   var(y) = WBW’ 

=>  cov(θ, y’) = cov(θ, θ’W’) 

     = BW’ 

=>  BLUP of θ is, by definition, 

    ̂  = BW’(WBW’)-1(y - Xbº) 

Suppose we want to compute the BLUP of γ, and we know that: 

   E[γ] = 0 

   cov(γ, θ’) = C 

=>   cov(γ, y’) = CW’ 

=>  the BLUP of  γ is: 

    ̂  = CW’(WBW’)-1(y - Xbº) 

    ̂  = CB-1 BW’(WBW’)-1(y - Xbº) 

=>    ̂  = CB-1 ̂   

where  
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   CB-1 = regression of  γ on θ, and 

   ̂   = BW’(WBW’)-1(y - Xbº). 

In many instances, 

    B = 












 R  0 

 0 G  
 

Also, 

    C = [Cu   Ce] 

=> the BLUP of  γ is: 

    ̂  = Cu G-1 û  + Ce R-1 ê  

In the SMM: 

    θ = 












 e 

u  
 

    B = 























 
2
e  

 R  0 

 0 
 

4
A

 

=>     B-1 = 

 





























 2-
e

nn
1-

1-

  

 I + ’DZZ|0 

 0|4
A 

 

    γ = 














 u 

 u 

n

d
 

    Cu = cov(γ, u’) 

    Cu = cov



























u’ ,

 u 

 u 
 

n

d
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    Cu = cov  



























 ’u ½  ’u ½ ,

 u 

 u 
 mgss

n

d
 

where 

  cov(ud, ½ us’) = cov(½ Pd mgs umgs + (½ umgd + φd), ½ us’) 

      = (¼ Pd mgs Amgs, mgs α) σe
2 

  cov(ud, ½ umgs’) = (½ Pd mgs Amgs, mgs α) σe
2 

    cov(un, ½ us’) = cov(½ Pns us + ¼ Pn mgs umgs + ¼ Pn mgd umgd + ½ φd + φn, ½ us’) 

       = (¼ Pns Ass α + ⅛ Pn mgs Amgs,s α) σe
2 

  cov(un, ½ umgs’) = (¼ Pns As,mgs α + ⅛ Pn mgs Amgs,mgs α) σe
2 

   Ce = cov



























 e’  ,

 u 

 u 
 

n

d
 

   Ce = cov  




























 ’Z  ’u¼ + ’½ + ’ + ’e ,

 u 

 u 
 nmgddnn

n

d
 

where 

 cov(ud, e’) = cov(½ Pd mgs umgs + (½ umgd + φd), en’ + (½ φd’ + φn’ + ¼ umgs’)Zn’) 

     = (⅛ Amgd,mgd Zn’ α + ½ Dd Zn’ α) σe
2 

     = [(⅛ I + ½ Dd) Zn’ α] σe
2 

     = [D1Zn’α] σe
2 

 cov(un, e’) = cov(½ Pns us + ¼ Pn mgs umgs + ¼ Pn mgd umgd + ½ φd + φn, 

        en’ + (½ φd’ + φn’ + ¼ umgd’) Zn’) 

     = (1/16 Pn mdg Amgd,mgd Zn’ α + (¼ Dd + Dn) Zn’ α] σe
2 

     = [(1/16 I + ¼ Dd + Dn) Zn’ α] σe
2 
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     = [D2 Zn’ α] σe
2 

where 

  D2 = diagonal matrix whose entries are: 

     dii = 
























  a16

1  a4
1  1 mgs mgsmgss ss iiiiii

 

    where 

       





otherwise           0 

known is s  if    1
    δ

i
si

 
   

       





otherwise               0 

known is mgs  if   1 
    δ i

mgsi
 

  D1 = diagonal matrix whose entries are equal to: 

     dii =   a¼  δ1½ mgs mgsmgs iii
  

The covariance matrix Cu, ordered by mgs’ first and then sires, is: 

  Cu = 

















2
e

ss,nss mgs,mgsn s s,nsmgs mgs,mgsn 

s mgs,mgs dmgs mgs,mgs d
  

A P¼ + A P8/1|A P¼ + A P8/1 

 A P¼|A P¼ 
 

The covariance matrix Ce is: 

  Ce  = 







































2
e

nnd

nd

  

’ Z  D + D4
1 + I 

16
1 

 ’ Z D2
1 + I

8
1 

 

  Ce  = 

















2
e

n2

n1
  

 ’ ZD 

 ’ ZD 
 

The matrix G-1 is: 
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  G-1  = 






























































2-

e

mgs mgs,s mgs,

mgs s,s s,

  

 4 A
  4 A 

 4 A
  4 A 

 

The matrix R-1 is: 

  R-1  =  2-
e

1-
n2n  ) I + ’ ZDZ(  

 û   = 














 û½ 

 û ½ 

mgs

s
 

Thus, the BLUP of e and γ for the SMM are: 

 ê   = (y – X bº – Z û ) 

  ̂   = Cu G-1 û + Ce R-1 ê  

where 

 Cu G-1 û  = 










































































 û ½ 

 û ½ 
 4 

A  A 

 A  A 
 

 A  A 

 A  A 
 

 P4
  P8

 

 0  P4
 

s

mgs

s s,mgs s,

s mgs,mgs mgs,

ss,mgs s,

s mgs,mgs mgs,

sn mgsn 

mgs d

 

    = 




























 û ½

 û ½ 
 

 P  P½ 

 0  P 

s

mgs

nsmgsn 

mgs d
 

    = 














 û P½+ û P¼ 

 û P½ 

snsmgsmgsn 

mgsmgs d
 

 CeR-1 ê   =        û ½P Zû ¼ P Z Xby   I + ’ ZDZ  
 ’ ZD 

 ’ ZD 
snsnmgsmgsn nn2n

1-

n2

n1



















 

Thus, the elements of ̂ , i.e., dû  and nû , are equal to: 
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         û ½  PZ û¼  PZXby    I + ’ ZDZ   ’ ZD + û P½    û snsnmgsmgsn nn2n
1

n1mgsmgs dd 
  

and 

         û ½  PZ û ¼  PZXby    I +  ’ ZDZ   ’ ZD + û P½ + û P¼    û snsnmgsmgsn nn2n
1-

n2snsmgsmgsn n 

 

Let Zn = I, i.e., there is only one record per nonparent.  Then, 

           û ½  Pû ¼  PXby    I + D  D + û½ Pû ssn mgsmgsn 2
1-

1mgsmgs dd   

and 

             û ½ Pû ¼  PXby   I + D  D + û½ P + û ¼  P    û snsmgsmgsn 2
1-

2ssn mgsmgsn n   

Hence, if Zn = I, the BLUP of the BV of the ith dam (di) and the ith nonparent (ni) are: 

   û½û ¼by  
1 + d

d + û ½    û smgsii
2

1
mgsd ii

ii

ii

ii





  

             

   pedigree contribution  data contribution 

where 

 d1ii
  = element of D1 (matrix D for the dam) 

 d2ii
  = element of D2 (matrix D for the calf) 

and 

  û ½û ¼by
1 + d

d + û ½ + û ¼    û smgsii
2

2
smgsn ii

ii

ii

iii





  

             

   pedigree contribution  data contribution 
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Numerical example for SMM 

The SMM for the example given in the RAM section is: 

   e +  +  ½ + u ¼  + 

 u 

 u 

 u 

 -- 

 u 

 

 1.5 0 0|0 

 1.5 0 0|0 

 0 1.5 0|0 

 0 1 0.5|0 

 0 0 1.5|0 

 +
b

b
 

 1 0 

 0 1 

 1 0 

 0 1 

 0 1 

    

 288 

 290 

 265 

 285 

 289 

nndmgd

5

4

3

1

2

1


























































































































 

 

The MME are: 

 





































































yRZ

yRX
    

u  

 b 
 4

A + XRZXRZ

ZRXXRX

1
2

1
2

1-1
2

1
2

1
2

1
2

 

where 

  










4  = 
0.25

4  = 16 

  R2
-1 = (Dα + I)-1 

  R2
-1 = 

1

171875.1

171875.1

171875.1

16796875.1

15234375.1 



























 

 

The inverse of the relationship matrix among sires and maternal grandsires is: 
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  A-1 = 





















 

 1.3333     

 0  1.3333   Symmetric

 0  0 1.4546   

 0.6667 0.6667 1.0909 2.4849 

 

 

The MME for the SMM are: 











































































































 739.840 

 583.213 

 498.197 

  

------

 471.893 

 742.273 

   

 u 

 u 

 u 

 u 

---

 b 

 b 

 

 25.173    |  

 0  24.110   | Symmetric 

 0  0.428 25.439  |  

 10.667 10.667 17.455 39.758|  

----------------------------|--------------

 1.280  1.280  0  0|1.707  

 1.280  0.856  1.730  0| 0  2.577 

5

4

3

1

2

1

 

 

The vector of solutions for the SMM is: 

  





































































 0.6954   

 0.7104 

 0.0263   

 0.0075   

 276.5113 

 287.8753 

    

 û 

 û 

 û 

 û 

 b 

 b 

5

4

3

1

2

1

 

 

To obtain backsolutions for dams and nonparents we need thed1ii
and thed2ii

.  The d1ii
are 

computed for dams 6 to 10, and thed2ii
for nonparents 11 to 15. 
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Thus, for dams 6 to 10 we compute: 

i    d 1ii
   d 1ii

 

6 ½ (0.75) 0.09375 

7 ½ (0.6875) 0.0859375 

8 ½ (0.6875) 0.0859375 

9 ½ (0.75) 0.09375 

10 ½ (0.75) 0.09375 
 

and for nonparents 11 to 15 we compute : 

i    d 2ii
   d 2ii

 

11 0.609375 0.15234375 

12 0.671875 0.16796875 

13 0.6875 0.171875 

14 0.6875 0.171875 

15 0.6875 0.171875 
 

The backsolutions for dams 6 to 10 are: 

  





























































0.6954)] + (½(0.6954)276.511[288 0.080000 + (0.6954) 
 0.6954)] + (½(0.6954)287.875[290 0.080000 + (0.6954) 

 0.7104)]  0.7104)_(½(276.511[265 0.073333 + 0.7104)( 
 0.0263)] + 0.7104)_(½(287.875[285 0.073579 + (0.0263) 

 0.0263)] + (½(0.0263)287.875[289 0.081356 + (0.0263) 

     

 û 

  û 

  û 

  û 

  û 

10

9

8

7

6
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



























































(1.0431)] 276.511[288 0.080000 + (0.6954) 
 (1.0431)] 287.875[290 0.080000 + (0.6954) 

 1.0656)](276.511[265 0.073333 + 0.7104)( 
 0.3289)](287.875[285 0.073579 + (0.0263) 

(0.0395)]287.875[289 0.081356 + (0.0263) 

    

 û 

  û 

  û 

  û 

  û 

10

9

8

7

6

 

  























































[10.4459] 0.080000 + (0.6954) 
 [1.0819] 0.080000 + (0.6954) 

 10.4454][ 0.073333 + 0.7104)( 
 2.5461][ 0.073579 + (0.0263) 
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  û 

  û 
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 û 

  û 
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The backsolutions for nonparents 11 to 15 are: 
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The backsolution for dam 2 is: 

 2û  =     ê R  ’ e  , u  cov + û G  ’ u ½  , u  cov 1-
2

1-
s2  

 2û  =   ê R 0 + û ½  
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





 
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Remarks: 

(i)   ’ e  , u  cov 2  =   ’ u ½ + ’  + ’ ½ + ’ e ,  + u   cov mgdndn21   

     = 0 

(ii)   ’ u ½  , u  cov s2  =     ½u   ½u   ½u   ½u  ,  + u ½  cov 543121   
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

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4
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(iii)       u ½   var  ’u ½  , u  cov ss2 =  
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Sire model (SM) 

When parents have no records and dams are unrelated, the RAM can be written as: 

 yn =    e +  Z + 
 u ½ 

 u ½ 
 P  P Z + b X nnn

d

s
ndnsnn 














  

 yn =      e +  Z + u ½ P Z + u ½ PZ + b X nnndndnsnsnn   

But Pnd = I under the assumption that nonparents are related only through their sires (i.e., each 

nonparent is assumed to have a different dam).  Thus, the SM is: 

  yn  =     e +  Z + u ½ Z + u ½  P Z + b X nnndnsnsnn   

  E[yn] = bXn  



Mauricio A. Elzo, University of Florida, 1996, 2005, 2010. [17-23] 
 

 var

 




































 





















2
e

nn

ss

nndn

s

  

I + ’ DZZ|0 

------------|------

 0|
4

  A

  _  

 e +  + u ½  Z 

-------------------

 u ½ 

 

Letting 

 y  =  yn,  Z  = Zn Pns,  u = ½us,  e = Zn (½ud + φn) + en, and  R2 = (Zn D Zn’ α + I), the SM 

becomes: 

    y = e + Zu + Xb  

   E[y] = Xb  
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with MME: 
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Backsolutions for dams and nonparents are obtained as follows: 

 ̂  = ê R C + û G C 1-
e

1-
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where 
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  Cov  ’ u ½  , u sd  = 0  

  cov  ’ u ½  , u sn  =     ’ u ½ ,  + u ½ + u ½  P cov sndsns   
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(v)  û  = û ½ s  

(vi)  ê  =  û ½  P ZXby snsn  

(vii) CuG-1 û  =    û ½ 4 A 
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Thus, 

 dû  =       û ½  P ZXby   I’ DZ Z  
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1-

nsns  . 

 

If nonparents have only one record each, Zn = I.  Thus, 

 dû  =       û ½  PXby   I + D  
2 sns
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The BLUP of the BV of the ith dam (di) and the ith nonparent (ni), when Zn = I, are: 

   û ½by  
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2    û sii
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d ii
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d  +  û ½    û sii
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ii
sn iii





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Numerical example for SM 

The SM in the example presented for the RAM is: 
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The MME are: 
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where 
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Thus, the MME for the SM can be written as follows: 
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The A-1 matrix for the SM is: 
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The MME for the SM are: 
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The vector of solutions for the SM is: 
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The backsolutions for dams 6 to 10 are: 
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and the backsolutions for nonparents 11 to 15 are: 
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 ]9878.10[ 15789.0 + 4932.0 
 ]5068.1[ 15789.0 + 4932.0 
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The backsolution for dam u2 is: 

 2û  = 1û ½  

   = 0 
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APPENDIX 

Summary of predictions of the BV of animals 1 to 15 using RAM, SDM, SMM and SM 

 
Animal 

Prediction of BV  

 RAM SDM SMM SM 

1 -0.4410 -0.0674  0.0150 0.0 

2 -2.0758 -0.2030  0.0075 0.0 

3 -2.1405 -0.2708  0.0526  0.0760 

4 -1.5212 -1.3670 -1.4208 -1.0624 

5  3.5970  1.5700  1.3908  0.9864 

6 -3.5008 -0.3158  0.1451  0.1013 

7 -3.3839 -0.5144 -0.1610 -0.2599 

8 -2.4499 -1.2406 -1.4764 -1.1566 

9  0.9258  0.4706  0.7820  0.1587 

10  3.3714  1.5454  1.5311  1.1566 

11 -2.8061 -0.1964  0.2326  0.1900 

12 -2.8113 -1.1230 -0.6951 -0.9210 

13 -2.1962  -2.3403  -2.5976 -2.2661 

14  1.8570  1.1148  1.2018  0.7311 

15  4.9514  2.5082  2.5752  2.2281 
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Ranking of animals 1 to 15 based on predictions obtained using RAM, SDM, SMM and SM 
 

 
Animal 

Ranking 

 RAM SDM SMM SM 

1 6 6 9 9 

2 8  8 10 9 

3 9 9 8 8 

4 7 14 13 12 

5  2 2 3 3 

6 15 10 7 7 

7 14 11 11 10 

8 11 13 14 13 

9 5 5  5 6 

10 3 3 2 2 

11 12 7 6 5 

12 13 12 12 11 

13 10 15 15 14 

14 4 4 4 4 

15 1 1 1 1 
 

 

 


