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Description of the Problem

Assume we have computed & ,theMLE of &, and var(&) = [7(8)]", its corresponding

asymptotic variance.

We now want to compute .;35 , the MLE of ¢, and rar{gﬁ} =[Z(#)]", its asymptotic variance.

Assumethat ¢ = #(&), and that the inverse transformation is £~ (¢) = & . Thus, the MLE
of ¢, by theinvariance property of the MLE, is &: f(é) .

Derivation of the Asymptotic Varianceof ¢ = f (&)

Denote the log-likelihood of the original variable & as ((&|y) . By thechainrule of

differentiation, the first derivative of (| ) with respect to ¢ is:
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and the second derivative of ({#|y) with respectto ¢ is:
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Thus, the second derivative of ¢({&|y) withrespectto ¢ isequal to:
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The expectation of the second derivative of (5] y) withrespectto ¢ is:

A2 5 A -2 7 Al g o zq.""-z
oy &L f,_'_l_:l-’) o g ,j,:f:l Tl_:la’ I 4 v g &L f,_'_|_}’} e
T e |T % T ik 09 [\an

—

—_— —

—_ —_———

= E[Score] =0 constant constant
w.rty w.rty
Thus,
2
7 L(Ey) @y |
I_IEJ.I _‘_2 _I_IE}. . 5 T
() (35
() I{.__}

Multiplication of both sides above by -1 yields:
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where I(¢#) =information matrix for ¢, and I{&) = information matrix for & .

The asymptotic variance of ¢ is obtained by inverting [{&) . Thus,
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[ (@] [ (&?)] [c?:;?f‘] — transformed variable

Because ¢ = f (&), the second term of the right hand side is equal to:

Thus, the asymptotic variance of ¢ (scalar) is computed as follows:
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and the asymptotic variance of ¢ (vector) isequal to:
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var( @ }Lf = W'|;var(6)
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and the standard error of the MLE of ¢ isthe square root of the variance of the MLE of 4 .

Asymptotic Distributions
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Example 1: Derivation of the variance of the REML estimate of the correlation between 2

variables.

Let the origina parameter and its variance be:

011 a varidn, ocovidy, ! covidy,, a0, |
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Let the transformed parameter be:
Oz

¢ = iz _ 172
01, Oxn

The derivative of ¢ with respect to Zis:
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where, using the formula of the derivative of aratio, i.e., |
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The variance of the REML estimate of the correlation coefficient between 2 traits is computed
using:
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and the standard error of the REML correlation estimateis:
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Example 2: Derivation of the variance of the REML estimate of the heritability of a trait.

Define:

T4, = additive direct genetic variance,
T e = Tpee = additive direct - maternal genetic covariance,
Tage = additive maternal genetic variance, and

Tpp = Tgat Tyt Type + Tz = phenotypic variance.

Let

FP
The REML estimate of ¢ is:
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The variance of the REML estimate of ¢ is:
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where



Bl
g&"

r

Each term in the above vector is obtained using the derivative of aratio, [ i] = —‘gf _2 fg
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Thus, the variance of the REML estimate of the heritability of atrait isequal to:
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Example 3: Derivation of the variance of the REML estimates of phenotypic covariances.

Let the genetic and environmental covariances between traitsi andj (i =j, ori # j) be:

The REML estimate of the phenotypic covariance between traitsi and j is:
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The elements of vector w were obtained as follows:
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The variance of the REML estimate of the phenotypic covariance between traitsi and j is:
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The covariance matrix of REML estimates of phenotypic covariances among severd traitsis:
var(o)= W' var(6)w

where J¥ = : W, : 1 >]=1, ..., number of traits.

Example 4. Derivation of the variance of the REML estimates of phenotypic correlations.

Consider 3 growth traits: birth weight (BW), weight gain from birth to weaning (BWG), and
weight gain from weaning to 550 days of age (WHG).

Step 1. Compute var| o, » | using the expression for vm‘: H: above, where gﬁr{? = phenotypic
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covariances between traitsi and j, andj = i = 1, 2, 3. Theresultingvar(¢ ) matrix has

dimension equal to 6 (i.e., %23 x 4) = 6).
Step 2. Compute var| @i = W var|d )

where

W =
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For any two traitsi and j, the weights are :
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where the : iy : arethe REML estimates of phenotypic variances and covariances.
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The covariance matrix of the REML estimates of phenotypic variances and covariancesis:
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For example, the variance of the phenotypic correlation between traits 1 and 2 (e.g., BW, and

BWG), is computed as follows:
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The matrix W for the 3 traitsis:
Wi Wip 0wy
Wig=|wy 0wy 0
0 (0 0wy,

and the variance of the REML estimates of correlations among the 3 growth traitsis:

1;31*{ ,:;r } = W Tﬂlx{_ ':; }W .

References

0 {}] var| ¢)

Wos

Was

12

Lindgren, B. W. 1976. Statistical Theory (3 Ed.). Macmillan Publishing Co., Inc., New Y ork.

Sorensen, D. 1996. Gibbs Sampling in Quantitative Genetics. Internal Report No. 82. Danish

Institute of Animal Science, Research Centre Foulum, Denmark.



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12

