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Abstract
In this paper, decision theory was used to derive Bayes and minimax decision rules to estimate
allelic frequencies and to explore their admissibility. Decision rules with uniformly smallest risk
usually do not exist and one approach to solve this problem is to use the Bayes principle and the
minimax principle to find decision rules satisfying some general optimality criterion based on
their risk functions. Two cases were considered, the simpler case of biallelic loci and the more
complex case of multiallelic loci. For each locus, the sampling model was a multinomial
distribution and the prior was a Beta (biallelic case) or a Dirichlet (multiallelic case) distribution.
Three loss functions were considered: squared error loss (SEL), Kulback-Leibler loss (KLL) and
quadratic error loss (QEL). Bayes estimators were derived under these three loss functions and
were subsequently used to find minimax estimators using results from decision theory. The
Bayes estimators obtained from SEL and KLL turned out to be the same. Under certain
conditions, the Bayes estimator derived from QEL led to an admissible minimax estimator
(which was also equal to the maximum likelihood estimator). The SEL also allowed finding
admissible minimax estimators. Some estimators had uniformly smaller variance than the MLE
and under suitable conditions the remaining estimators also satisfied this property. In addition to
their statistical properties, the estimators derived here allow variation in allelic frequencies,

which is closer to the reality of finite populations exposed to evolutionary forces.

Key words: Admissible estimators, average risk; Bayes estimators; decision theory; minimax

estimators.

1. Introduction
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Allelic frequencies are used in several areas of quantitative and population genetics, hence the
necessity of deriving point estimators with appealing statistical properties and biological
soundness. They are typically estimated via maximum likelihood, and under this approach they
are treated as unknown fixed parameters. However, Wright (1930; 1937) showed that under
several scenarios allele frequencies had random variation and hence should be given a
probability distribution. Under some of these scenarios, he found that the distribution of allele
frequencies was Beta and that according to the particular situation its parameters had a genetic
interpretation (Wright 1930; 1937; Kimura and Crow, 1970). For instance, under a recurrent
mutation scenario, the parameters of the Beta distribution are functions of the effective
population size and the mutation rates (Wright, 1937). Expressions for these hyperparameters
under several biological scenarios and assumptions can be found in Wright, (1930; 1937) and
Kimura and Crow (1970).

Under the decision theory framework, given a parameter space @, a decision space D, observed
data X, and a loss function L(9,6 (X)), the average loss (hereinafter the frequentist risk or
simply the risk) for a decision rule § when the true state of nature is 8 € 0, is defined as
R(0,8) = Eg[L(6,5(X))]. The ideal decision rule, is one having uniformly smallest risk, that is,
it minimizes the risk for all 8 € @ (Lehmann and Casella, 1998). However, such a decision rule
rarely exists unless restrictions like unbiasedness or invariance are posed over the estimators.
Another approach is to allow all kind of estimators and to use an optimality criterion weaker than
uniformly minimum risk. Such a criterion looks for minimization of R(8,d) in some general
sense and there are two principles to achieve that goal: the Bayes principle and the minimax

principle (Lehman and Casella, 1998; Casella and Berger, 2002).
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Given a loss function and a prior distribution, the Bayes principle looks for an estimator

minimizing the Bayesian risk (4, §), that is, a decision rule §* is defined to be a Bayes decision

rule with respect to a prior distribution A if it satisfies

(A, 6%) = f R(6,5)dA6) = inf r(4,8),

[©]

This kind of estimators can be interpreted as those minimizing the posterior risk. On the other
hand, the minimax principle consists of finding decision rules that minimize the supremum (over
the parameter space) of the risk function (the worst scenario). Thus §* is said to be a minimax
decision rule if

supR(6,6") = glgg zlégR(H, 6).

6eo

The aim of this study was to derive Bayes and minimax estimators of allele frequencies and to

explore their admissibility under a decision theory framework.
2. Materials and methods

2.1 Derivation of Bayes rules

Hereinafter, Hardy-Weinberg equilibrium at every locus and linkage equilibrium among loci are
assumed. Firstly, the case of a single biallelic locus is addressed. Let X;, X, and X5 be random
variables indicating the number of individuals having genotypes AA, AB and BB following a
trinomial distribution conditional on 6 (the frequency of the “reference” allele B) with
corresponding frequencies: (1 — 6)2,20(1 — 6) and 62, and let X = (X;, X,, X3). Therefore, the
target is to estimate 6 € [0,1]. Thus, in the following, the sampling model is a trinomial

distribution and the prior is a Beta(a, ). This family of priors was chosen because of
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mathematical convenience, flexibility, and because as discussed previously, the hyperparameters
a and B have a genetic interpretation (Wright, 1937). Under this setting, three loss functions
were used to derive Bayes decision rules: squared error loss (SEL), Kullback-Leibler loss (KLL)

and quadratic error loss (QEL).

2.1.1 Squared error loss
Under SEL, the Bayes estimator is the posterior mean (Lehman and Casella, 1998; Casella and
Berger, 2002). Thus we need to derive the posterior distribution of the parameter:
n(60]X) < n(X|6)7 ()
o (1 — g)PX1+xzgra+2xsga=1(1 — g)h-1
— 9x2+2x3+a—1(1 _ 9)2x1+x2+ﬁ—1_
Therefore, the posterior is a Beta(x, + 2x3 + @, 2x; + x, + ) distribution and the Bayes

estimator under the given prior and SEL is:

GSEL _ X, +2x3+a
Xy 2x3+a+2x;+x,+
X, +2x3+«a
S ntatp CatRrHREN

The frequentist risk of this estimator is:

. X, +2X. + a 2
e

2n+a+p a

X, +2X; +a ( X, +2X;+«a 9]>2

= Var i R
“Ion+a+p 12n+a+p

_ Var[X,] + 4Var[X;] + 4Cov|[X,, X3] N (E [Xz +2X;+a—-02n+a+p) )2
B 2n+ a + p)? 0 2n+a+p '

Using the forms of means, variances, and covariances of the multinomial distribution yields:
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2n8(1—6)(1 —20(1—0)) + 4nB2%(1 — 62) — 4n(20(1 — 6)62)
2n+ a + p)?

R(6,65) =

2n0(1—0)+2n8?>+a—002n+a+p) 2
_.l_
2n+a+p

_2n6(1—0) + [a(1 - 0) — p6]*
B (2n + a + B)>2 '

Note that the problem has been studied in terms of counts of individuals in each genotype, but it
can be equivalently addressed in terms of counts of alleles. To see this, let ¥; and Y, be random
variables corresponding to the counts of B and A alleles in the population; consequently,
Y1 =2X;+X,,Y, =2X;+ X, and Y; = 2n—Y,. Now let Y := (¥;,Y,); therefore, n(¥Y|0) «
6¥1(1 — §)?" Y1 a Binomial(2n, ) distribution. With this sampling model and the same prior
m(6), m(0]Y) is equivalent to m(8|X) given the relationship between ¥ and X. For the biallelic
loci case, m(0|X) will continue to be used. Notwithstanding, as will be discussed later, for the

multi-allelic case working in terms of allele counts is simpler.

2.1.2 Kullback-Leibler loss

Under this loss, the Bayes decision rule is the one minimizing (with respect to §):

1

f Ly, (6, 8)m(0]X)do
0

where:

w(X|6) (1 — §)2X1+X2gX2+2X5
Lk, (0,8) = Ey [ln <7T(X|5)>l = Ey lln <(1 — 6)2X1+X25X2+2X3>l'

After some algebra it can be shown that Ly, (6,6) = 2n [(1 —0)log (%) + Olog (g)], thus
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1

f Ly, (8,8)m(8]X)d6 = 2nE [(1 —9)in (1 — Z) + 0in (§)| X].
0

The goal is to minimize this expression with respect to §, which amounts to minimizing —In(1 —
§)E[1 — 6|X] — In6E[0|X] because the reaming terms do not depend on §. Setting the first
derivative with respect to § to zero and checking the second order condition yields:

E[1-6|X] E[01X] ~
s ——5—=0=08=E[0|x].

Thus, as in the case of SEL, under KLL the Bayes estimator is also the posterior mean. Hence,
from section 2.1.1 it follows that:

X, +2x3+a

é‘SEL_
2n+a+f

6XL = E[0|X] =

The risk function of XL is:

R(6,8%M) = Ey[Lis(6,85M)] = 2nE, [(1 —O)n (11_;;“) +6In ((;LL)]
= 2n|(1 - )(In(1 - 6) — Eg[in(1 - 8¥)]) + 6(In 6 — Eq[in §¥1]|.
This involves evaluating Ep[in(1—0%L)] and Es[indXL]. Consider Eg[in¥!L] =
Eg[In(X; + 2X5 + a)] — In(2n + a + B). To simplify the problem recall that this is equivalent
to Eg[In(Y; + @)] — In(2n + a + B) where Y; is a Binomial(2n, 8) random variable; however,
this expectation does not have a closed form. Similarly, by using the fact that Y; + Y, = 2n, it

can be found that the evaluation of Eg[In(1 — 8%LL)] involves finding Eg[In(Y, + £)] which has

no closed form solution either.

2.1.3 Quadratic error loss



128

129

130

131

132

133

134

135

136

137

138

139

140

This loss can be seen as a weighted version of SEL and it has the following form: w(6)(§ —
0)%, w(@) >0,VO €. Let w(@) =[0(1—6)]"t. This form of w(8) was chosen for

mathematical convenience as it will become clear in the derivation of the decision rule. Thus, the

CRIN

loss function has the form: L(6,8) = 506)"

Under this kind of loss, the Bayes estimator is the

mean of the distribution w(8)m(6|X) (Lehman and Casella, 1998).

W(G)T[(9|X) o< ﬁgnﬂxsm—l(l _ 9)2x1+x2+/3—1

= QF2t2X3Ha=2(] _ )21tz +S-2
This corresponds to a Beta(x, + 2x3 + @ — 1, 2x; + x5, + f — 1) provided that: x, + 2x; + a —
1>0,2x; +x, + B — 1 > 0. In such case the estimator is simply the mean of that distribution,
that is:

X, +2x3+a—1
21 +x, +x3)+a+ B -2

QQEL —

_x2+ZX3+a—1
C 2n+a+p -2

('-' X1 +x2 +X3 = Tl)

Now, the two cases x, + 2x3 + @ — 1 < 0 and 2x; + x, + f — 1 < 0 are analyzed. Notice that
X, +2x3 + a — 1 and 2x; + x, + [ — 1 cannot be simultaneously smaller than or equal to zero

because it would imply that there are no observations. From first principles, the expression
folw(e)(e - @QEL)ZE(Hlx)dH is required to be finite (Lehman and Casella, 1998). If x, +

2x3 + a — 1 < 0, it implies that (X, X3) = (0,0) and a < 1. Under these conditions:

1 1
jW(e)(e - 9QEL)27T(9|x)d9 oc f(g - éQEL)Zga—Z(l — g)2ri+B-2p
0 0



1 1
— .1—901(1 _ 6)2x1+'8_2d6 _ ZéQEL f 90{—1(1 _ 9)2x1+/3—2d0
0 0

1
+ (Q‘QEL)Z J 09-2(1 — §)211+B-2g,
0

141  The first two integrals are finite whereas the third integral is not finite unless 9FF = 0. If

142 2x; +x,+ B — 1 < 0then (X;,X;) = (0,0) and B < 1, then:

fW(Q)(Q — éQEL)Zn(Hlx)dH x f (1 -0 — (1 — Q\QEL))2 g2xsta=2(1 — Q)ﬁ—zde
0 0

1 1
— f92x3+a—2(1 _ H)ﬁde _ 2(1 _ gQEL) f 92x3+a—2(1 _ 9)'8_1d9
0 0

1
+ (1 - gerr)’ f p2s+a-2(1 — g)F-24p,
0

143 The first two integrals are finite. For the third integral to be finite §9F- must be equal to one.

144  In summary, under the given prior and QEL, the Bayes estimator is:

2Zn+a+p -2
O, lfx2+2x3+af—1SO

X, +2x3+ta—1
yifxg+2x3+a—1>0and 2x;+x, +f—1>0
QQEL —

145 A common situationis x, +2x3 +a—1>0, 2x; + x, + £ — 1 > 0, and in that case:

R(6,89%1) = E, [w(0)(897: - 0)°| = E, I ! - (farhatal ﬂ

0(1— 2n+a+f—2

1 v [Xe T 2Xata -1 X, +2Xs+a—1-02n+a+8—2)]\°
“oa-0\ "l znta+p-2 6 nta+tp-2 '
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. Xp+2X3+a—1 1
Notice that: Varg[ 21275 7a ]

mtatf2 ) — Gntaip2)? Varg[X, + 2X;5], Varg[X, + 2X3] was previously

derived in section 2.1.1 and it is equal to 2n6(1 — 8). On the other hand, the procedure to

simplify the second summand is very similar to the one used for R(Q, 0 SEL), and the final result

. (-8(a+p-2)+a—1)?

Gnratp2? Therefore the risk has the form:

2n (—0(a+p—-2)+a—1)>
(2n+a+ﬁ—2)2+9(1—0)(2n+a+,8—2)2'

R(6,09") =

When x, + 2x; + @ — 1 < 0, that is, allele A is not observed and a < 1, the risk is:

6-0?% 6

R(6,69F) =910 1-¢

while when 2x; +x, +  — 1 < 0 (allele B is not observed and f < 1)) the risk is

0-1* 1-6
6(1-60) 8

R(6,09) =

2.2 Derivation of minimax rules

To derive minimax rules the following theorem was used (Lehman and Casella, 1998):

Theorem 1 Let A be a prior and §, a Bayes rule with respect to A with Bayes risk satisfying
r(A,84) = supgeg R(6,6,). Then: i) §, is minimax and ii) A is least favorable.

A corollary that follows from this theorem is that if § is a Bayes decision rule with respect to a
prior A and it has constant (not depending on 8) frequentist risk, then it is also minimax and 4 is
least favorable, that is, it causes the greatest average loss. Thus, the approach was the following.
Once a Bayes estimator was derived, it was determined if there were values of the
hyperparameters such that R(6,§) was constant; therefore, using these particular values of the

hyperparameters, the resulting estimator was minimax. Notice that for SEL, by choosing the

10
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Beta(a = \/é,ﬁ = \E) prior, the risk function R(6,85E") is constant and takes the form:

-1
R(Q, é‘Minimax1) = (4(1 + m)z) . Hence, a minimax estimator is:

Xy + 2x3 + \/g
é‘Minimaxl

~ Van(Van + 1)

On the other hand, it is easy to notice that provided x, +2x; +a—1>0, 2x; +x, + [ —

1 > 0, H9FL have a constant risk for @ = B =1, thatis, under a uniform(0,1) prior. Then:

gMinimax; — Xz + 2x3

- 1
and R(6, Mimimaxz) = S voee.

In the case of the Bayes estimator derived under KLL, the risk function involves the evaluation
of a finite sum that does not have a closed form solution. Although an approximation based on
the Taylor series expansion of In(Y; + a) and In(Y, + ) could be found, it turns out that this
function cannot be made independent of 6 by manipulating the hyperparameters a and f.
Consequently, theorem 1 could not be used here to find a minimax estimator. Because of this,

hereinafter only SEL and QEL will be used to obtain Bayes and minimax decision rules.

2.3 Extension to k loci

When the interest is in estimating allelic frequencies at several loci, i.e., the parameter is vector-
valued, it could seem natural to compute the real-valued estimators presented in sections 2.1 and
2.2 at each locus and combine them to obtain the desired estimator. The question is: Do these
estimators preserve the properties of Bayesness and minimaxity of their univariate counterparts?
In this section we show that this is the case under certain assumptions, and therefore, Bayes

estimation of vector-valued parameters reduces to estimation of each of its components.

11
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Let 8 = (64,0, ...,0;) be the vector containing the frequencies of the “reference” alleles for k
loci, X = (X1, X3, ..., X}) the vector containing the number of individuals for every genotype at
every locus where X; = (X1;, X5, X3;), i = 1,2,...,k, and & = (8,85, ...,0;) a vector-valued
estimator of 6. Consider a general additive loss function of the form: L(G, o) (X)) =
Y& L(6;,8;(X)). Assuming linkage equilibrium we have m(X|0) = [1¥, m(X;|6;) and using
independent priors it follows that m(0]|X) = [1¥,m(6;|X;). To obtain a Bayes estimator, the

following expression has to be minimized with respect to §;, Vi = 1,2, ..., k:

f fL(e 5(X)) m(61X)do; - dek_f f(ZL(@lﬁ(X)))n(OIX)dBl -d0,

ZJ fL(Hl,S(X))nn(H IX;) 6, - d6,

11@1

the hth integral in the summation (h = 1,2, ..., k) can be written as:

fL(eh,(sh(X))n(ehmh)deh f f f f Hn(9j|xj)d91---deh_1d9h+1---d9k

Op 01  Op-10np41 Ok J*h

= f L(6y, 6p)(0,|Xp)aby,.

On
From the result above, it follows that Bayes estimation of @ reduces to that of its components.

Therefore, under linkage equilibrium, independent priors and an additive loss it follows that

AB _ (ABayes ABayes ABayes
gBaves = (%%, ,0,

y yees ) Applying the results derived previously, a minimax

n
x2i+2x3i+J;

VIn(Vzn+1)”

th

estimator is the vector @M"Mma*1 € R¥ whose it" entry is Another minimax

estimator of @ is obtained by posing k independent uniform(0,1) priors and the i" element of

12
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o~ x2.+2x3.
gMinimaxz ¢ R has the form lZn L

, provided x,, +2x3, + a —1 > 0and 2x;, + x, + f —

1>0vi=12,..,k.

2.4 Multiallelic loci

In this section, the general case of two or more alleles per locus is discussed. The approach is the
same used in the biallelic loci case. In first place, an arbitrary locus i having n; alleles is
considered, and then the results are expanded to the multiple loci scenario. Let 6,,,60,,, ..., 0y, be
the frequencies of the n; alleles of locus i and X1y KXoy X, random variables indicating the

number of individuals having each one of the N; possible genotypes formed from the n; different

n;

2 ) + n;. The sampling model can

alleles, i = 1,2, ..., k. Notice that for diploid organisms N; = (

be written as a multinomial distribution of dimension N;; however, as discussed previously, an
equivalent sampling model in terms of the counts for every allelic variant can be used. This
approach is simpler because N; could be large. Hence, let Y;,,Y;,, ..., ¥, be random variables
indicating the counts of each one of the n; allelic variants at locus it Ay, Ay, .., Ap;1 =
1,2, ..., k. A multinomial distribution with parameters 8; = (Hll., Bzi, . 9ni) and 2n is assigned
to Y; = (Yli,Yzi, ...,Yni). The parametric space is denoted by @ and corresponds to [0,1] X
[0,1] X -+ X [0,1], an n;-dimensional unit hypercube. The prior assigned to @; is a Dirichlet
distribution with hyperparameters a; = (ali, Ay o ani). With this setting, conjugacy holds and

therefore the posterior is a Dirichlet (ali + V1, Q2 F Yo s Ay T ynl.). Under an additive SEL

A 2 . . .
of the form zj.‘;:l(eji — Hji) the Bayes estimator of 8; is given by the vector of posterior means,

that is:

13
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S
OM B ( ]l)n x1 27'1 + Z

215  where the “M” in the super-index stands for multiple loci. The risk of this estimator is:

ng
R(6:,0Y~51) = Ey, | Y (81151~ ;)"
Ji=1

216  that can be shown to have the form:

ni n2 n; 2
- Hji (( ll ) - Zn) +6;, (Zn — 20, lil=1 ali) T @,
z n; 2 .
ji=1 (2" + 201 ali)
217  To find a minimax estimator, theorem 1 is invoked again. Based on the results from the biallelic

218 case, intuition suggests trying the following values for the hyperparameters:

219 qj, = \/Zn/ni ,V ji = 1,2,...,n;. Then, after simplification:

+

n; — Z)Zni l n; — 1
Ji=1"Ji n; _ n;

R(Oi, b\é\/l—Minimaxl) _ n; _ _ -
(V2n+1) (V2n+1)

220  where the last equality follows from the fact that Z?fﬂ 8;, = 1. Hence, under these particular

221 values of the hyperparameters, the risk is constant and therefore, a minimax estimator is:

n
aM—Minimaxl — ("_ ) — y]i n;
l Tnpa ~ an(Van + 1)

222 Now consider an additive loss of the form Z7ii=lw(9ji)(§ji — Hji)Z,W(le.) >0V Bji € 0.
223 Again, W(@ji) is chosen for convenience and it is defined as W(jS) = Hj"il Vi=12,...,n.In
224 this case the function to be minimized is:
n;
j z w(6,)(8), - 6;,)" w(O,IY) d6; = »° J w(6,)(8;, - 6;,)’m(8:1Y)de;
Ji=1 Ji=1e

14
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which is equivalent to minimizing every term in the summation. Therefore, for every term this is

the same problem discussed in the biallelic case, and it follows that for j; = 1,2, ..., n;, 9jiis the

W(jS)ﬂ'(oi“/i)

expectation of O; taken with respect to the density v(0) = rovided
p Ji p y ( f@ W(eji)ﬂ(ei“/i)dgi p
Jo w(6;,)m(6;1¥;)d6; < oo (Lehmann and Casella, 1998). Thus,
as+y1;-1 aj-1); ¥V (-1); 71 XtV =2 (@) TG+ 71 On;+yn; =1
w(8;)m(8:1;) o< 0, =0y, % O, O, :

This is the kernel of a Dirichlet(ali + Yo,y 10 + yni) density provided

aji+yji—1
ni
Jji=1

a;, +yj, —1> 0. In this case, 67ji = Vi=12..,n. Ifa; +y;, —1<0, it must

> aji+2n—1
be that y;, = 0, @;;, < 1 and following the same reasoning used for biallelic loci, it turns out that

the estimator is éji = 0. In summary, under this additive quadratic loss function, for j; =

1,2, ...,n;, the Bayes estimator under the Dirichlet prior and the given loss function is:

GV D ifa 4y 150
ei\/l QEL _ (HJM QEL) _ Z;-l.i_laj-'i'zn_l' Ji Ji
t n;x1 v '

O, lfa]l-l—yh—lSO
The risk of this estimator when a;, +y;, =1 >0V j; = 1,2,...,n; is:

R(BUHM QEL) ZEB [W( pM—QEL 9'i)2]

Ji=1

The derivation is similar to the one in the biallelic case and R (Oi, élM‘QEL) has the form:

2n(n; — 1) + X7, (@ g 0, (T - 1) (T @, - 1) - 255, (e, - 1))
(27, aj, +2n - 1)
In the light of theorem 1, it is easy to see that provided a;, +y;, —1 >0V j; = 1,2,..,n;, by

assigning a Dirichlet prior with all hyperparameters equal to one, the risk is constant and equal to

15
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(n—-1) AM—Minimax,

Consequently, the minimax estimator obtained here is 6, € R™ whose j*

2n+n;—1"
. Yji . . . SM—QEL . . .
entry is —-—. Details of the derivations of 8, and the risk functions are presented in the
-
appendix.

Under the assumption of linkage equilibrium, posing independent priors and considering an
additive loss function, the extension to k loci is straightforward and it is basically the same for
the biallelic loci scenario. The parameter is 8 = (84,0, ...,0,) where 8; € R™ contains the
frequencies of each allele in locus i,i = 1,2,.., k. Hence, independent Dirichlet(e;) priors are
assigned to the elements of 6. Let ¥ = (¥,,Y,, ..., Y}) be a vector containing the counts of each
allele at each loci, that is, ¥; € R™ contains the counts of the n; alleles in locus i. The loss
function has the form L(0,8(Y)) = X5, L(0;,6;(Y)). Then, as in the biallelic case, the key
property m(0|Y) = [1£.,m(0;|Y;) holds and therefore, finding decision rules to estimate @
amounts to finding decision rules to estimate its components: 84, 8,, ..., 0. In this case, the
estimators are denoted as @Y ~SEL gM—-QEL gM-Minimaxy ,nq @M—Minimax;

Admissibility of one-dimensional and vector-valued estimators was established using a theorem
found in Lehmann and Casella (1998) which is restated for the reader’s convenience.

Theorem 2 For a possibly vector-valued parameter 8, suppose that §™ is a Bayes estimator
having finite Bayes risk with respect to a prior density m which is positive for all @ € 0O, and that
the risk function of every estimator § is a continuous function of 8. Then 67 is admissible.

A key condition of this theorem is the continuity of the risk for all decision rules. For exponential
families, this condition holds (Lehmann and Casella, 1998) and given that all distributions

considered here are exponential families, the condition is met.
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3. Results

For biallelic loci, the Bayesian decision rules derived under SEL and KLL were found to be the

. . . . 2 2 D
same. Notice that this estimator can be rewritten as 2223 ( - ) + = ( atp ), which is a
2n 2n+a+pf a+p \2n+a+p

convex combination of the maximum likelihood estimator (MLE) and the prior mean. On the
other hand, the Bayesian decision rule found under the QEL depends on the values taken by
X, +2x3+a—1 and 2x; +x,+ B —1. As discussed previously, when at least one
observation is done (at least one genotyped individual) these quantities cannot be simultaneously
smaller or equal than zero, since it a > 0,8 > 0 and in case of observing one or more
genotypes, at least one of the random variables X;, X, and X3 would take a value greater or equal
than one. Notice that when x, + 2x3 >0 and 2x; + x, > 0,9M™Mm*2 (oes exist and it is

equivalent to the MLE. Thus, it has been shown that the MLE is also minimax and that the

uniform(0,1) prior is least favorable for estimating 8 under QEL. Moreover, a Beta( \/g, \E)

prior was also found to be least favorable under SEL. When x, + 2x; +a —1 >0, 2x; + x, +

B —1>0, the estimator H2FL can be rewritten as x2+2x3< 2n )+ a ( a+B )+
2n 2n+a+f-2 a+p \2n+a+p-2

%(m) a linear combination of the MLE, the prior mean and the scalar 1/2. Regarding

admissibility of the one-dimensional estimators, §SEL, @Minimax: and GMinimax: have finite
Bayesian risks and therefore, by theorem 2, they are admissible. For 9FL the property holds
provided @ > 1,5 > 1. For the case of k loci, under additive loss functions, the risks are additive
and therefore the Bayes risks too. Hence, the estimators @SFL, @Minimax: apnq gMinimaxz ape

admissible, and if a; > 1,8; > 1Vi = 1,2, ..., k, O°FL is also admissible.

17



280

281

282

283

284

285

286

287

288

289

290

291

292

293

294

295

296

297

298

299

300

301

AM—-Minimax4

In the multiallelic case, notice that 8; reduces to its biallelic version (n; = 2) because

. ~M—-Mini . .
Yj, = Xz, + 2x3,. This happens because 6, TUMA* was derived from a Bayes estimator under

SEL; however, when n; = 2, ﬁy_Mlnlmaxz does not reduce to @iM TUHMA%2 “but the estimators only

differ in the denominator which is 2n + 1 for M —Minimaxz 404 2n for GMIIMar2
l l

; hence, for
large n the estimators are very close. These results for the one locus case also hold for the case of

several loci given the way in which the multiple-loci estimators were derived. Regarding

admissibility in the multiallelic setting, for the single-locus case, in the light of theorem 2

@M‘SEL 'G\M—Minimaxl and ’B\M—Minimaxz
i , 0. .

; i are admissible and provided a;, > 1,V j; = 1,2,..,n;,

pM-QEL

i is also admissible. The same reasoning used in the biallelic case shows that for k loci

and n; alleles per locus, @M~SEL gM-Minimaxy anq gM-Minimaxz are admissible, as well as

0™ QL when a;, > 1,V j; = 1,2,..,m;, Vi =12, .., k.

3.1 Comparison of estimators

Because of the interest in addressing situations in which the proposed estimators may differ
substantially from each other, in this section they are compared by finding general algebraic
expressions that help in analyzing how they differ. These comparisons are basically related to
values of the hyperparameters, to the allelic counts and to sample size.

The risks of the estimators here cannot be compared directly because their corresponding loss
functions measure the distance between estimators and estimands in different ways.
Consequently, the precision of the estimators was compared using their frequentist (conditional
on 0) variances. It is enough to carry out comparisons for an arbitrary locus for the biallelic and

multiallelic cases.
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The magnitudes of all point estimators were compared with the MLE and against each other by
finding their ratios. In each case, a short interpretation of the resulting expression is done in order
to provide some settings under which the estimators show considerable differences. For the

biallelic case, the ratio of estimator Z and the MLE is defined as §#. Thus, after simplification:

2n a
& = —— (1 + —)
2n+a+p Xy + 2x3

2na

§SEL > ()1 2x, < (> :
()1 © x; + 2x5 ()a+,8

Thus, given n, (x,, x3) and a, the ratio is larger as § | 0 and decreases monotonically as f — oo.
On the other hand, if @ | 0 and 8 — oo the ratio is smaller than one for fixed n. For very low
counts of AA and AB genotypes, i.e., small x, and x3, and a not close to zero, the ratio tends to
be greater than one.

Recall that 9FL depends on x, + 2x3 + a — 1 and 2x; + x, + 8 — 1. When x, + 2x3 + a —

1>0, 2x; +x, + f — 1 > 0, it follows that:

SQEL _ 2n (1+ a—l)
S 2nt+a+pf-2 Xy + 2x3)

2n(a—1)
Y )

UL > (1 & x, +2x3 < (>)
Notice that if @ < 1, (which requires x, + 2x3 > 1)and f > 2 —aora>1,and f < 2 — «a,
then the ratio is always smaller than one and the difference between estimators increases as
genotypes AB and BB are more frequent, i.e., large x, and x3. Moreover, when a > 1, and
B>2—a,ifalland f — oo the ratio will also be smaller than one. Similar interpretations
can be done for the case of the ratio being greater than one. Recall that when x, + 2x3 + a —

1<0or 2x; +x, + 8 —1 <0, 8L matches the MLE, and when both alleles are observed,

gMinimaxz matches the MLE. Figure 1 shows the behavior of % and §9F as a function of the
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hyperparameter 8 in two scenarios. Under scenario 1 the genotype counts are (x,,X3) =
(10,25), while in scenario 2 (x,,x3) = (250,313). In each case, two sample sizes are

considered: 1382 and 691.

For é‘Minimaxl .

\/ﬁ<x2+2x3 +\/§>

(\/ﬁ+ 1)(x2 + 2x3)

5M inimax; —

gMinimaxy > 1 & x, + 2x3 < n,
since %2963 = p € [0, 1] is the observed frequency (also the MLE) of the reference allele B, it

follows that: x, + 2x3 = np < n if and only if p < 1. The same rationale shows that §¥mimax
is never smaller than one, i.e., @M™a%1 ig never smaller than the MLE. For given n, when allele
B is very rare, i.e. (x3,x3) — (0,0) the ratio tends to infinite. Figure 2 shows the behavior of

gMinimaxy a5 3 function of the observed frequency of the reference allele B for four different

sample sizes (200, 800, 2000, and 10000).

For the case x, +2x3 +a—1>0, 2x; + x, + f§ — 1 > 0, the Bayes estimator §9FL differs

g SEL 65EL minus one and its

from in that the numerator of 89FL is equal to the numerator of

éSEL

denominator is equal to the denominator of minus two. Consequently, for moderate and

large n, the estimators are very similar. Thus, only 85" is compared with §Mmax1 pere,
6SEL (xp+ 2x3 + a@)(2n +V2n)
@Minimax, - n
<x2+2x3+\/;>(2n+a+ﬁ)

gSEL Xy + 2x3 + @ 2n+a+p
W> <Qle > ()———.
] 1 n 2n++2n

X, + 2x3 + 7
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1

For instance, if a > \/é and V2n > a + § which implies vn (\/E 7

) > [, the ratio is greater

than one. The behavior of this ratio as a function of £ is also shown in Figure 1.
The procedure is analogous for the case of multiple alleles. Define the ratio of estimator Z to the

MLE as y%. An arbitrary locus i and an allele j are considered.

ng

O T CTRa TV o
i

Y B y;,(2n + a) &=

ki=1

*

Vi@
2n

yMELE > (D1 & a;, > (<)

For example, when allele j is not observed, the ratio is always greater than one. For a given «;,,

the ratio increases as n increases but the count of the allele remains constant or has a very small
increase as in the case of a rare allelic variant.

On the other hand:

M—-QELj; — Zn(aji TV~ 1)
y,2n+a—-1)

14

yj,(a—1)

M—-QELj; _
Y > QQlea,—1>(<) o

For a;, > 1, large n and low frequency of allele j the ratio will be greater than one. On the other

hand, if a;, <1 and a” > 1, then the ratio will be smaller than one disregarding of y;, and the

sample size.

For (’g?/l—Minimaxl )J .

V 2n (yh + —3n>
yM—Minimaxlﬁ — :
yji(\/ 2n + 1)
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N 2n
VM—MmLmaxlﬁ > (Ql1e Vi, < >) n—;

1

where n; is the number of alleles at locus i. If allele j is not observed (y;, = 0) then the ratio is
always greater than one. If allele j is fixed then y;, = 2n and the ratio is always smaller than one

and the larger the number of alelles at locus i, the larger the difference between the MLE and

(’éli\/I—Minimaxl ) '

]

In the multiallelic case, the estimator @?_Mmimaxz

is not equal to the MLE; therefore, the ratio

AM—-Minimax
fo, 2

oro;

and the MLE has to be computed.

o 2n
M-Minimaxzji — " S q{yn>1,Vn =2,
14 2n—n;— 1 B T

consequently, (?O\Iiw_Minimaxz )j is always larger than the MLE and the difference increases as the

number of allelic variants at locus i increases.
Again, as in the biallelic case, the differences between (@i" —SEL )j and (@?_QEL)jare negligible

and therefore this ratio is not computed and only (5{" _SEL)j is compared with (’B\Iiw_mnimaxl)j

and (ali\/I—Minimaxz )]

(’é?/l_SEL)j _ (y]l + aji)(Zn + v2n)
~M—-Minimax - I
(8; 1)j <yji + %) 2n+a®)
i

(0, S (D1 o i ty < 2n+a*
— o — —_—
(aM—Mlnlmaxl) ' m on + \/ﬁ
l b y]l + ni
\V2n

This case is similar to the biallelic case. When «;;, > " and V2n > a* which implies a;;, > Z—,
i

ni

the ratio is bigger than one, and for fixed n it increases as ;, increases and/or the number of

22



358

359

360

361

362

363

364

365

366

367

368

369

370

alleles at locus i increases. On the other hand, for fixed number of allelic variants, fixed n and

fixed a;,, the ratio decreases as a” increases.

(b\?/’_SEL)j _ (27’1 —-—n; — 1)(3’11 + ajl.)

SM—-Minimax * .
(ei mt Z)j (2n + a)y;,
(aﬁw_SEL)j S (1o 2n—mn; — 1 > () Y,
(’e\livl—Minimaxz) 2n + a* ¥, + aji.

J

Now consider the frequentist variances for an arbitrary locus in the biallelic case:

. 2n6(1 —0)
SEL] —
Varg[6°%] 2n+ a + B)?
AMinimax,| — 6(1-6)
Varg [9 ] (Van+1)
oy 01— 0)

Var, [é‘Minimaxz] = Vary [QML] — o™

If x+2x3+a—-1>0, 2x; +x, +  —1> 0, then:

) 2n6(1 - 6)
Varg[69F] = (2n+a+p - 2)?

Because the hyperparameters a and f are positive and n > 1, the variances of 65FL and
gMinimax: are yniformly smaller than the variance of the conventional estimator, the MLE,
except at the boundaries of the parameter space where all of them are zero. If @ + f > 2 then the
variance of §9F is also uniformly smaller than the variance of the MLE, provided both alleles
are observed. For ASFL and §@F" the differences increase as the hyperparameters increase while
for GMinimax: the difference depends entirely on n. Given a and 3, as the sample size tends to
infinite, all variance ratios tend to one. In addition, notice that if 2n + a + § > V2n + 1 which

is equivalent to @ + B > vV2n(1 —v2n) + 1, the estimator with the smallest variance is §5EL,
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but V2n > 1 for n > 1, and the hyperparameters are positive, hence, §5FL always has the
smallest variance and for moderate or large sample sizes, the differences between Vary [§SEL]
and Varg[§9FL] are negligible. Therefore, from the frequentist point of view, the proposed
estimators are more precise than the conventional MLE and the differences tend to be more
relevant for small sample sizes. Figure 3 shows the behavior of frequentist variances across the
sample space for all the estimators in the bialleic case. In that example n = 691, a = 240, =
240.

The results are very similar for the multiallelic case. Estimator variances are:

. 0;(1—-0;
var|(®!™) | = %1~ %) — i)
o 2n6; (1-0;.)
m-sery | = “™%i2 7 90
Var [(ei )J]  (2n+ a)?
_ . 6;(1—-6;
o) 2
n
~M—Minimax _ zneji(l B Hji)
Var [(ei z)j] T @2n+n - 1)2

If a;, + yj, —1 > 0, then:

Cn+a —1)2

Var [(6?4‘0“)]_] -

Since n; > 3 and a* > O, (ali\/l—SEL)j’ (ali\’I—Minimaxl)j and (’g?/l—Minimaxz)j have unlfOI‘mly

M-QEL
i

smaller variance than the MLE and if a* > 1, (6 )j also has smaller variance than the

MLE.
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3.2 Numerical example

To illustrate the methodology, a numerical example is presented. Suppose that in a given sample
of size n =1382, three biallelic loci are studied. The three possible genotypes at each locus are
denoted as AA;, AB; and BB;,i = 1,2,3. The target is to obtain point estimators of the frequencies
of the B; alleles 8 = (64, 6,,65)". The following counts are observed for genotypes AA;, AB; and
BB; respectively: 0, 0, 1382 for locus 1; 1245, 132, 5 for locus 2; and 189, 644, 549 for locus 3.
As in any Bayesian analysis, prior knowledge can help to set the values of hyperparameters. On
the other hand, in the absence of such knowledge, objective priors can be used or an empirical
Bayes approach can be implemented to estimate these unknown quantities. To illustrate how
hyperparameters could be defined, suppose that the population under study is composed of
subgroups. Each subgroup exchanges individuals with the population at a constant rate m and
linear pressure is assumed (Kimura and Crow, 1970). The interest is to estimate @ in a given
subgroup. Under this scenario, allelic frequencies at a given locus follow a beta distribution with
parameters: @ = 4N, mp;, B = 4N,m(1 — p;), where N, is the effective size of the subgroup and
p; is frequency of the reference allele among the immigrants. Assume that based on knowledge
of the population (e.g., preliminary data), it is believed that N, = 150, m = 0.8 and that
following Kimura and Crow (1970, page 438) it is assumed that the immigrants are a random
sample of the complete population, which implies that p; can be assumed to be constant and
equal to the prior population mean. Suppose that information about p; is available only for two
of the loci and it is equal to 0.8 and 0.5 respectively. For locus 3 there is no previous information
and therefore a uniform (0,1) prior is used. Using this information, the following estimators are
obtained:

O5EL = (B7FL, B5FL, B5EL) = (0.9260,0.0825, 0.6302)’
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BOFL = (921,621,625 ) = (0.9263,0.0822,0.6302)’
’B\Minl'maxl — (é‘{\/linimQX1’ é\é\’linimQX1’ éé\/liniman)r — (0.9907' 0.0597' 0-6278)’

gMinimax; — (gMmImarX, pMinimax, GMIMax2)yr — ("pNE" 0,0514,0.6302)’

where “DNE” stands for “does not exist”. For the first locus, genotypes AA; and AB; are not

observed, this is why §{w Inimaxz qoes not exist. Moreover, allele A; was not observed, but the
estimators 03 L, @10 EL and HAiW fImaxi are not equal to one (the MLE) because they contain prior
information. This is relevant because of the fact that if an allele is not observed in a sample, this
does not imply that it does not exist in the population. In addition, when working with SNP chips
or other sort of molecular markers, genotyping errors could cause rare allelic variants not to be
identified. It has to be taken into account that this situation happens only when some allele is not
observed and the appropriate hyperparameter (a for allele A and £ for allele B) is greater than
one. Under different biological scenarios, such as those discussed in Wright (1930; 1937) and
Kimura and Crow (1970), the hyperparameters a and [ will be greater than one for populations
with moderate or large effective size. Notice that the largest differences among estimators where
for locus 2, where there were low counts of the reference allele. In addition, given the migration
rate and allelic frequencies in the immigrants, the hyperparameters are linear functions of the
effective population size. Thus, because of the results discussed in section 3.1, under the model
assumed in this example, the larger the effective population size, the larger the differences

between 8°FL, B9FL and the MLE. Also, the larger the N,, the larger the reduction in variance of

these two estimators relative to the variance of the MLE.

4. Discussion
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The most widely used point estimator of allele frequencies is the MLE, which can be derived
using a multinomial distribution for counts of individuals in each genotype or equivalently the
counts of alleles and it corresponds to the sample mean. For biallelic loci, the minimaxity
property of the MLE was, at least to our knowledge, an unknown fact in the area of quantitative
genetics. In addition, it was also shown that this is a Bayes estimator under SEL and a
uniform(0,1) prior. It is important to notice that the minimaxity of the estimator holds only when
both alleles are observed, that is, Xy, + 2x3i >0, 2x1i + x5, > 0Vi=1,2,..,k. This situation
is not rare when working with actual genotypic data sets; for example, data from single
nucleotide polymorphism chips. Under this condition, the estimator is also an unbiased Bayes
estimator. For single-parameter estimation problems, Bayesness and unbiasedness are properties
combined in a theorem due to Blackwell and Girshick (1954) which establishes that for
parametric spaces corresponding to some open interval of the reals, under QEL, and finite
expectation of w(6), the Bayesian risk of an unbiased Bayes estimator is zero, which is an
appealing property. Here, the theorem does not hold because by basic properties of the Beta
distribution (Casella and Berger, 2002) for « = 1, # = 1, and the particular choice of w(8) that
was used here, E[w(6)] is not finite. Among all the derived estimators, §™Mma¥2 and its
multivariate version @M™%%2 were the only unbiased estimators. Let By () denote the bias of a

given estimator. The following are the biases of the estimators derived here:

~ —O(a+p)+a
SELY _

By (6°7") = 2n+a+p

~ —OBla+p-2)+a—-1

QELY —

Be(e ) 2n+a+ -2

S 1-—26

B HMlmmaxl —

o ) 2(V2n + 1)
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BO (é‘Minimaxz) =0

AM— _ % a0,
ngi ((0{\/1 SEL)j) T 2n + a*
am-gery | _ % —1—6(a” —1)
Be,, ((ei ),-) T 2n+ar-1
1

AM—-Minimax4 n_z B Hji

Befi ((ei )1) - V2n+1
g g —G-i(n-—l)
Boj, ((9?4 Mmlmaxz)j) - 2n]+ r;- —1

The Bayes decision rules derived under QEL depend on  x,, + 2x3, + @ — 1 and 2xq, + x,, +

B — 1. At locus i, when the “reference” allele is fixed and B; < 1, that is, 2x;, + x5, + f; — 1 <

N 1-6; . . . . e
0, R (0, HQEL) = 9—‘ which is zero when 6; is one and tends to infinite as 8; approaches zero.
i

i

which is
1—9,:’

Similarly, when the “reference” allele is not observed and a; < 1, R (9, éQEL) =

zero when 6; is zero and tends to infinite and 6; approaches one. Using these results, the k loci
situation can be easily analyzed since the loss is additive and hence the risk too. If a set of loci
have fixed alleles, the contributions to the risk function in the remaining alleles is finite, and if
some of the loci with fixed alleles meet the conditions under which their contributions to the risk
tend to infinite, then the risk will tend to infinite. Notice that this can be easily avoided by
choosing hyperparameters with values greater than one.

It was found that the risk function under KLL does not have a closed form since it involves finite
summations without closed forms. However, this does not prevent the computation of that risk
function. Markov chain Monte Carlo methods could be used to compute Eg[In(Y; + a)] and

Eg[In(Y, + B)] and hence, the risk function could be computed.

28



458

459

460

461

462

463

464

465

466

467

468

469

470

471

472

473

474

475

476

477

478

479

In the multiallelic scenario, similar to the biallelic case, when the loss is QEL, the existence of a
minimax estimator depends on the condition Vi, > 0,vj,=12,..,n;,Vi=1,2,..,k. This
means that all allelic variants have to be observed in order to have a minimax estimator under the
particular QEL used here. When this condition does not hold for all loci, that is, at least one of
them (e.g., i) is such that the jith allele is not observed, and the corresponding hyperparameter is
smaller or equal than one, then the estimator is zero and the risk contribution of this allele is 6;,.
Therefore, in this case the risk does not tend to infinite as was the case for the biallelic scenario;
this is due to the fact that the loss function was not the same.

It has to be considered that QEL is a flexible loss function in the sense that the only requirement
for w(8) is to be positive. Thus, several Bayes estimators can be found by varying this function
and possibly, applying theorem 1, other Minimax estimators could be found. The forms of w(6)
used here for the biallelic and multiallelic case were chosen to cancel with similar expressions
depending on 6 during the derivation of the risk functions.

For all decision rules derived from SEL, the form of the risk functions shows that they converge
to zero as n — oo. For QEL, it depends on the possible fixation or absence of a given allele at
some loci and the value of the hyperparameters. When all hyperparameters are greater than one,
all the derived risk functions converge to zero as n — co. When some alleles are fixed (biallelic
case) or some are not observed (general case) and the hyperparameters corresponding to their
frequencies are smaller or equal to one, the result does not hold.

Admissibility holds for all the estimators derived from SEL while for QEL, if the
hyperparameters are greater than one or all allelic variants at each locus are observed (which

implies no fixed alleles) the Bayes estimators derived from this loss are also admissible.
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Moreover, if all alleles are observed it is possible to obtain admissible minimax estimators from
QEL.

Regarding the behavior of the proposed decision rules, the general expressions for the ratios of
estimators derived here may be used to have an insight of settings under which the estimators
could show large differences and when they do not. For example, estimators derived under SEL
differ from the MLE for low counts of the reference alleles and large values of the
hyperparameters. From the frequentist point of view, the estimators proposed here always have a
uniformly smaller variance than the MLE, except for those derived from QEL which require
conditions over the sum of the hyperparameters to meet this property: @ + > 2 in the biallelic
case and a* > 1 in the multiallelic case. However, in many practical applications (as the one
provided in the example) these conditions would be satisfied. Although there exists an algebraic
reduction of variance, in some situations it could be negligible. For estimators derived under SEL
and QEL, the reduction in variance increases as the hyperparameters increase. Also, the
reduction in frequentist variances are more marked for small sample sizes. For large sample sizes
differences between estimators can still be considerable (see Figure 1).

The impact of using these estimators on each of their applications can be assessed either
empirically or theoretically and this is an area for further research. An application in genome-
wide prediction or genomic selection (Meuwissen et al., 2001), a currently highly studied area,
could be of interest because when both genotypes and their effects are treated as independent
random variables, the variance of the distribution of a breeding value is affected by differences in
allelic frequencies, by the variance of the distribution of marker effects, and by the level of
heterozygosity which is computed using allelic frequencies (Gianola et al., 2009). Other relevant

fields where the performance of alternative point estimators of allelic frequencies could be
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evaluated are the computation of marker-based additive relationship matrices (VanRaden, 2008)

and the detection of selection signature using genetic markers (Gianola et al., 2010).

5. Conclusion

From the statistical point of view, estimators combining desired statistical properties as
Bayesness, minimaxity and admissibility were found and it was shown that for biallelic loci, in
addition to the unbiasedness property of the usual estimator, it is also minimax and admissible
(provided that all alleles are observed).

Beyond their statistical properties, the estimators derived here have the appealing property of
taking into account random variation in allelic frequencies, which is more congruent with the

reality of finite populations exposed to evolutionary forces.
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